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Abstract

A fundamental issue in active learning of
Gaussian processes is that of the exploration-
exploitation trade-off. This paper presents a
novel nonmyopic e-Bayes-optimal active learn-
ing (e-BAL) approach that jointly and naturally
optimizes the trade-off. In contrast, existing
works have primarily developed myopic/greedy
algorithms or performed exploration and ex-
ploitation separately. To perform active learning
in real time, we then propose an anytime algo-
rithm based on e-BAL with performance guaran-
tee and empirically demonstrate using synthetic
and real-world datasets that, with limited budget,
it outperforms the state-of-the-art algorithms.

1. Introduction

Active learning has become an increasingly important focal
theme in many environmental sensing and monitoring ap-
plications (e.g., precision agriculture, mineral prospecting
(Low et al., 2007), monitoring of ocean and freshwater phe-
nomena like harmful algal blooms (Dolan et al., 2009; Pod-
nar et al., 2010), forest ecosystems, or pollution) where a
high-resolution in situ sampling of the spatial phenomenon
of interest is impractical due to prohibitively costly sam-
pling budget requirements (e.g., number of deployed sen-
sors, energy consumption, mission time): For such appli-
cations, it is thus desirable to select and gather the most
informative observations/data for modeling and predicting
the spatially varying phenomenon subject to some budget
constraints, which is the goal of active learning and also
known as the active sensing problem.

To elaborate, solving the active sensing problem amounts
to deriving an optimal sequential policy that plans/decides
the most informative locations to be observed for minimiz-
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ing the predictive uncertainty of the unobserved areas of
a phenomenon given a sampling budget. To achieve this,
many existing active sensing algorithms (Cao et al., 2013;
Chen et al., 2012; 2013b; Krause et al., 2008; Low et al.,
2008; 2009; 2011; 2012; Singh et al., 2009) have modeled
the phenomenon as a Gaussian process (GP), which allows
its spatial correlation structure to be formally character-
ized and its predictive uncertainty to be formally quantified
(e.g., based on mean-squared error, entropy, or mutual in-
formation criterion). However, they have assumed the spa-
tial correlation structure (specifically, the parameters defin-
ing it) to be known, which is often violated in real-world
applications, or estimated crudely using sparse prior data.
So, though they aim to select sampling locations that are
optimal with respect to the assumed or estimated parame-
ters, these locations tend to be sub-optimal with respect to
the true parameters, thus degrading the predictive perfor-
mance of the learned GP model.

In practice, the spatial correlation structure of a phe-
nomenon is usually not known. Then, the predictive per-
formance of the GP modeling the phenomenon depends on
how informative the gathered observations/data are for both
parameter estimation as well as spatial prediction given
the true parameters. Interestingly, as revealed in previous
geostatistical studies (Martin, 2001; Miiller, 2007), poli-
cies that are efficient for parameter estimation are not nec-
essarily efficient for spatial prediction with respect to the
true model. Thus, the active sensing problem involves a
potential trade-off between sampling the most informative
locations for spatial prediction given the current, possibly
incomplete knowledge of the model parameters (i.e., ex-
ploitation) vs. observing locations that gain more informa-
tion about the parameters (i.e., exploration):

How then does an active sensing algorithm trade off be-
tween these two possibly conflicting sampling objectives?

To tackle this question, one principled approach is to frame
active sensing as a sequential decision problem that jointly
and naturally optimizes the above exploration-exploitation
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trade-off while maintaining a Bayesian belief over the
model parameters. This intuitively means a policy that
biases towards observing informative locations for spatial
prediction given the current model prior may be penalized
if it entails a highly dispersed posterior over the model pa-
rameters. So, the resulting induced policy is guaranteed to
be optimal in the expected active sensing performance. Un-
fortunately, such a nonmyopic Bayes-optimal policy cannot
be derived exactly due to an uncountable set of candidate
observations and unknown model parameters (Solomon &
Zacks, 1970). As a result, most existing works (Diggle,
2006; Houlsby et al., 2012; Park & Pillow, 2012; Zimmer-
man, 2006; Ouyang et al., 2014) have circumvented the
trade-off by resorting to the use of myopic/greedy (hence,
sub-optimal) policies.

To the best of our knowledge, the only notable nonmy-
opic active sensing algorithm for GPs (Krause & Guestrin,
2007) advocates tackling exploration and exploitation sep-
arately, instead of jointly and naturally optimizing their
trade-off, to sidestep the difficulty of solving the Bayesian
sequential decision problem. Specifically, it performs a
probably approximately correct (PAC)-style exploration
until it can verify that the performance loss of greedy ex-
ploitation lies within a user-specified threshold. But, such
an algorithm is sub-optimal in the presence of budget con-
straints due to the following limitations: (a) It is unclear
how an optimal threshold for exploration can be determined
given a sampling budget, and (b) even if such a threshold
is available, the PAC-style exploration is typically designed
to satisfy a worst-case sample complexity rather than to be
optimal in the expected active sensing performance, thus
resulting in an overly-aggressive exploration (Section 4.1).

This paper presents an efficient decision-theoretic planning
approach to nonmyopic active sensing/learning that can
still preserve and exploit the principled Bayesian sequential
decision problem framework for jointly and naturally opti-
mizing the exploration-exploitation trade-off (Section 3.1)
and consequently does not incur the limitations of the al-
gorithm of Krause & Guestrin (2007). In particular, al-
though the exact Bayes-optimal policy to the active sens-
ing problem cannot be derived (Solomon & Zacks, 1970),
we show that it is in fact possible to solve for a nonmy-
opic e-Bayes-optimal active learning (e-BAL) policy (Sec-
tions 3.2 and 3.3) given a user-defined bound €, which is
the main contribution of our work here. In other words, our
proposed e-BAL policy can approximate the optimal ex-
pected active sensing performance arbitrarily closely (i.e.,
within an arbitrary loss bound €). In contrast, the algorithm
of Krause & Guestrin (2007) can only yield a sub-optimal
performance bound'. To meet the real-time requirement

"ts induced policy is guaranteed not to achieve worse than the
optimal performance by more than a factor of 1/e.

in time-critical applications, we then propose an asymp-
totically e-optimal, branch-and-bound anytime algorithm
based on e-BAL with performance guarantee (Section 3.4).
We empirically demonstrate using both synthetic and real-
world datasets that, with limited budget, our proposed ap-
proach outperforms state-of-the-art algorithms (Section 4).

2. Modeling Spatial Phenomena with
Gaussian Processes (GPs)

The GP can be used to model a spatial phenomenon of in-
terest as follows: The phenomenon is defined to vary as
a realization of a GP. Let X’ denote a set of sampling lo-
cations representing the domain of the phenomenon such
that each location « € X is associated with a realized (ran-
dom) measurement z,, (Z,) if x is observed/sampled (un-
observed). Let Zy = {Z,},cx denote a GP, that is, every
finite subset of Z has a multivariate Gaussian distribution
(Chen et al., 2013a; Rasmussen & Williams, 2006). The
GP is fully specified by its prior mean p, = E[Z,] and
covariance ,,|x £ cov[Zy, Zy |\ for all z, 2" € X, the
latter of which characterizes the spatial correlation struc-
ture of the phenomenon and can be defined using a covari-
ance function parameterized by A\. A common choice is the
squared exponential covariance function:

P 2
Oxz’/ |\ £ (U;\)Q exp<_; Z(W) )"‘V‘(U:{)Qémx’

i=1 g

where [s;]; ([sz];) is the i-th component of the P-
dimensional feature vector s, (s, ), the set of realized pa-
rameters A £ {0,062, 0},...,{p} € A are, respectively,
the square root of noise variance, square root of signal vari-
ance, and length-scales, and d,, is a Kronecker delta that
is 1if z = 2’ and 0 otherwise.

Supposing A is known and a set zp of realized measure-
ments is available for some set D C X of observed lo-
cations, the GP can exploit these observations to predict
the measurement for any unobserved location © € X \ D
as well as provide its corresponding predictive uncertainty
using the Gaussian predictive distribution p(z.|zp, A) ~
N (b2, 2+ Ozz|p,x) With the following posterior mean and
variance, respectively:

LoD = e + Ew\@%u(zb — 1p) )]

A —1
Ozx|DX = Oxa|\ — ZrD\)\ED'D‘/\EDmP\ (2

where, with a slight abuse of notation, zp is to be perceived
as a column vector in (1), pp is a column vector with mean
components y, forall 2’ € D, Y..p|x 18 a row vector with
covariance components ;| for all " € D, Yip,|y is the
transpose of ¥;p|y, and Xpp|y is a covariance matrix with
components o,/ for all u, 2’ € D. When the spatial
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correlation structure (i.e., A) is not known, a probabilistic
belief bp(\) £ p(A|zp) can be maintained/tracked over all
possible A and updated using Bayes’ rule to the posterior
belief bpu,1 () given a newly available measurement z,:

bpuay(A) o p(z]zp,A) bp(A) . 3)

Using belief bp, the predictive distribution p(z,|2zp) can be
obtained by marginalizing out \:

p(zelzp) = Y p(2:|20,A) b (A) - 4)
AEA

3. Nonmyopic ¢-Bayes-Optimal Active
Learning (¢-BAL)

3.1. Problem Formulation

To cast active sensing as a Bayesian sequential deci-
sion problem, let us first define a sequential active sens-
ing/learning policy 7 given a budget of N sampling loca-
tions: Specifically, the policy m £ {m,}_; is structured
to sequentially decide the next location 7, (zp) € X \ D
to be observed at each stage n based on the current ob-
servations zp over a finite planning horizon of N stages.
Recall from Section 1 that the active sensing problem in-
volves planning/deciding the most informative locations to
be observed for minimizing the predictive uncertainty of
the unobserved areas of a phenomenon. To achieve this, we
use the entropy criterion (Cover & Thomas, 1991) to mea-
sure the informativeness and predictive uncertainty. Then,
the value under a policy r is defined to be the joint entropy
of its selected observations when starting with some prior
observations zp, and following 7 thereafter:

Vi (2p0) £ H[Zy|2py] £ — / P(2xl20y) 108 (zx | 2my) dex
(5)

where Z. (z.) is the set of random (realized) measure-
ments taken by policy 7 and p(z,|2p,) is defined in a sim-
ilar manner to (4).

To solve the active sensing problem, the notion of Bayes-
optimality? is exploited for selecting observations of largest
possible joint entropy with respect to all possible induced
sequences of future beliefs (starting from initial prior be-
lief bp,) over candidate sets of model parameters A, as
detailed next. Formally, this entails choosing a sequen-
tial policy 7 to maximize Vi (zp,) (5), which we call the
Bayes-optimal active learning (BAL) policy 7*. That is,
Vi(zp,) & V[ (2p,) = max, V{"(2p,). When 7* is
plugged into (5), the following N-stage Bellman equations
result from the chain rule for entropy:

*Bayes-optimality is previously studied in reinforcement
learning whose developed theories (Poupart et al., 2006; Hoang
& Low, 2013) cannot be applied here because their assumptions
of discrete-valued observations and Markov property do not hold.

Vi (2p) = H[ Zr: (2 |20] + B[V, 1 (20 U{Zrs (20 }) |2

Q; (20, ) &£ H[Zy|2p) + E[V,, (20 U{Z,})|20]
H[Za )] & — / p(zo]20) log p(za]2p) dzs ©)

for stage n = 1,..., N where p(z,|2p) is defined in (4)
and the expectation terms are omitted from the right-hand
side (RHS) expressions of V; and Q7 at stage /N. At each
stage, the belief bp(A) is needed to compute Q% (zp,x)
in (6) and can be uniquely determined from initial prior
belief bp, and observations zp\p, using (3). To under-
stand how the BAL policy 7* jointly and naturally opti-
mizes the exploration-exploitation trade-off, its selected lo-
cation 7 (2p) = arg max,ex\p @, (2p, ) at each stage
n affects both the immediate payoff H [Z,r;(ZD) |zD] given
current belief bp (i.e., exploitation) as well as the posterior
belief bpy(rx (zp)}- the latter of which influences expected
future payoff E[V,", 1 (2p U {Zx: (2p)})|2p] and builds in
the information gathering option (i.e., exploration).

Interestingly, the work of Low et al. (2009) has revealed
that the above recursive formulation (6) can be perceived as
the sequential variant of the well-known maximum entropy
sampling problem (Shewry & Wynn, 1987) and established
an equivalence result that the maximum-entropy observa-
tions selected by 7* achieve a dual objective of minimizing
the posterior joint entropy (i.e., predictive uncertainty) re-
maining in the unobserved locations of the phenomenon.
Unfortunately, the BAL policy 7* cannot be derived ex-
actly because the stage-wise entropy and expectation terms
in (6) cannot be evaluated in closed form due to an uncount-
able set of candidate observations and unknown model pa-
rameters A\ (Section 1). To overcome this difficulty, we
show in the next subsection how it is possible to solve for
an e-BAL policy 7, that is, the joint entropy of its selected
observations closely approximates that of 7* within an ar-
bitrary loss bound € > 0.

3.2. e-BAL Policy

The key idea underlying the design and construction of our
proposed nonmyopic e-BAL policy 7€ is to approximate
the entropy and expectation terms in (6) at every stage us-
ing a form of truncated sampling to be described next:

Definition 1 (TA-Truncated Observation) Define random
measurement Z, by truncating Z,, at —T and T as follows:
R -7 ifZ, < -7,
Z, 52 Z, if —T<Z,<T,
T ifZ,>7.

Then, Zg has a distribution of mixed type with its contin-
uous component defined as f(Z, = z,|zp) = p(Z, =
Zz|2p) for —T < zp < T and its discrete component de-
fined as f(Z, = T|zp) & P(Z, > T|zp) = f;op(Zz =
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2a|2p)d2e and f(Zy = —7|2p) £ P(Zy < —7Fl2p) =
f__; p(ZI = Zz"zD)dzz

Let i(D,A) = maxgex\p e MzDn U(D,A) £
minge x\p e Ha|D,\ and

- max(‘H(D,A) -7

AR, A+ 7)) ()

for some 0 < 7 < T. Then, a realized measurement of Z,
is said to be a T-truncated observation for location x.

Specifically, given that a set zp of realized measurements is
available, a finite set of S 7-truncated observations {22 }5_;
can be generated for every candidate location € X \ D
at each stage n by identically and independently sampling
from p(z.|2p) (4) and then truncating each of them ac-
cording to 2%, <~ 2% min(|z%|,7)/|2L|. These generated 7-
truncated observations can be exploited for approximating
V¥ (6) through the following Bellman equations:

€ A €

Vi (2p) ””IEHELS(D Q. (2p,7) .

QS (zp,z) = % Z —logp(zL|zp) + Vi (20 U {2L})
i=1

for stage n = 1,...,N such that there is no Vg,
term on the RHS expression of Q% at stage N. Like
the BAL policy 7* (Section 3.1), the location #¢ (zp) =
arg maxgex\p @5, (2p, ) selected by our e-BAL policy
7€ at each stage n also jointly and naturally optimizes the
trade-off between exsploitation (i.e., by maximizing imme-
diate payoff S~ 3" | —logp(z.. (-m)|2D) given the cur-
rent belief bp) vs. exploration (i.%., by improving poste-
rior belief bpy (¢ (.p)} t0 maximize average future payoff

S-1 25:1 Vi (zpU{zE, (+p)1))- Unlike the determinis-
tic BAL policy 7*, our e-BAL policy 7€ is stochastic due
to its use of the above truncated sampling procedure.

3.3. Theoretical Analysis

The main difficulty in analyzing the active sensing per-
formance of our stochastic e-BAL policy 7€ (i.e., relative
to that of BAL policy 7*) lies in determining how its e-
Bayes optimality can be guaranteed by choosing appropri-
ate values of the truncated sampling parameters S and 7
(Section 3.2). To achieve this, we have to formally under-
stand how S and 7 can be specified and varied in terms of
the user-defined loss bound e, budget of N sampling lo-
cations, domain size |X| of the phenomenon, and proper-
ties/parameters characterizing the spatial correlation struc-
ture of the phenomenon (Section 2), as detailed below.

The first step is to show that )5, (8) is in fact a good approx-
imation of )}, (6) for some chosen values of S and 7. There
are two sources of error arising in such an approximation:
(a) In the truncated sampling procedure (Section 3.2), only
a finite set of 7-truncated observations is generated for ap-
proximating the stage-wise entropy and expectation terms

in (6), and (b) computing @5, does not involve utilizing the
values of V.7, ; but that of its approximation V5, ; instead.
To facilitate capturing the error due to finite truncated sam-
pling described in (a), the following intermediate function
is introduced:

s
1 - .
Wi(zp,x) = 3 Z —logp(zL|2p) + Viq(2p U {zL})

i=1

9
for stage n = 1,..., N such that there is no V| term (012
the RHS expression of W at stage N. The first lemma be-
low reveals that if the error |Q% (2p, x) — W} (2p, z)| due
to finite truncated sampling can be bounded for all tuples
(n, zp, x) generated at stage n = n/,..., N by (8) to com-
pute V5, for 1 < n’ < N, then Q5 (8) can approximate
Q) (6) arbitrarily closely:

Lemma 1 Suppose that a set zp: of observations, a budget
of N —n' +1 sampling locations for1 <n' < N, S € Z™,
and v > 0 are given. If

|@n (20, 2) = W(ep, 2) <y (10)

Sor all tuples (n, zp, x) generated at stagen =n',..., N
by (8) to compute V.5, (zp/), then, forallz' € X \ D/,

Q7 (20, 2") = Qs (2, &) < (N =+ 1)y (1)

Its proof is given in Appendix A.1. The next two lemmas
show that, with high probability, the error |Q% (2p,x) —
W (zp,x)| due to finite truncated sampling can indeed be
bounded from above by ~y (10) for all tuples (n, zp, ) gen-
erated at stage n = n/,..., N by (8) to compute V5, for
1<n' <N:

Lemma 2 Suppose that a set zp' of observations, a budget
of N —n’ +1 sampling locations for1 <n' < N, S € Z™,
and vy > 0 are given. For all tuples (n, zp, x) generated at
stagen =n',..., N by (8) to compute V5, (zp),

. . 25~?
P(103ep.2) = Wi o) <) = 1-2ex0( <2507 )
N2,2N 2 )
where T & (’)(KQT + Nlog Jo +log |A> by setting
o2 On

2 /N2k2N L 52
=0 ao\/log(ao(ﬁ;rao + Nlog &+1og |A|)>
vy o o

n n

with k, 02, and o2 defined as follows:

n’

KE142 max

' weX\D:x' £u,NeN,D

L s A\2 24 A\2 A2
_I)Tlel}\l (Un) ) and Oo —I/{lea/)\( (Us) +(0n) . (13)

Refer to Appendix A.2 for its proof.

|O—m’u\D,)\’ /o—uu|D,)\v (12)

2

On

Remark 1. Deriving such a probabilistic bound in Lemma 2
typically involves the use of concentration inequalities for
the sum of independent bounded random variables like the
Hoeffding’s, Bennett’s, or Bernstein’s inequalities. How-
ever, since the originally Gaussian distributed observations
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are unbounded, sampling from p(z,|zp) (4) without trun-
cation will generate unbounded versions of {z%}% , and
consequently make each summation term — log p(2%|zp)+
V1 (2p U {z.}) on the RHS expression of W (9) un-
bounded, hence invalidating the use of these concentration
inequalities. To resolve this complication, our trick is to
exploit the truncated sampling procedure (Section 3.2) to
generate bounded T-truncated observations (Definition 1)
(.e., [28] < Tfori = 1,...,9), thus resulting in each
summation term — log p(2%|2p) + V5,1 (2p U {z.}) being
bounded (Appendix A.2). This enables our use of Hoeffd-
ing’s inequality to derive the probabilistic bound.

Remark 2. It can be observed from Lemma 2 that the
amount of truncation has to be reduced (i.e., higher cho-
sen value of 7) when (a) a tighter bound v on the error
|Q% (2p, &) — W (zp, x)| due to finite truncated sampling
is desired, (b) a greater budget of N sampling locations
is available, (c) a larger space A of candidate model pa-
rameters is preferred, (d) the spatial phenomenon varies
with more intensity and less noise (i.e., assuming all can-
didate signal and noise variance parameters, respectively,
(62)? and (0))? are specified close to the true large sig-
nal and small noise variances), and (e) its spatial corre-
lation structure yields a bigger x. To elaborate on (e),
note that Lemma 2 still holds for any value of  larger
than that set in (12): Since |0y pa|* < Opror|DATwuD,A
for all ' # u € X \ D due to the symmetric positive-
definiteness of X(x\p)x\p)/p,x» £ can be set to 1 +
2MaXy uex\DAEA,D \/Oa'a’| DA/ Tuup,r-  Then, sup-
posing all candidate length-scale parameters are specified
close to the true length-scales, a phenomenon with extreme
length-scales tending to O (i.e., with white-noise process
measurements) or oo (i.e., with constant measurements)
will produce highly similar o,/,/p y for all 2’ € X\ D,
thus resulting in smaller x and hence smaller 7.

Remark 3. Alternatively, it can be proven that Lemma 2
and the subsequent results hold by setting x = 1 if a cer-
tain structural property of the spatial correlation structure
(i.e., forall zp (D C X) and A € A, Xpp|y is diagonally
dominant) is satisfied, as shown in Lemma 9 (Appendix B).
Consequently, the x term can be removed from 7" and 7.

Lemma 3 Suppose that a set zp: of observations, a bud-
get of N — n' + 1 sampling locations for 1 < n’ < N,
S € Z*, and v > 0 are given. The probability that
|Q% (zp,x) — Wi(zp,x)| < ~ (10) holds for all tuples
(n, zp, ) generated at stagen =n’, ..., N by (8) to com-
pute V5, (zpr) is at least 1 — 2(S|X|)N exp(—25+%/T?)
where T is previously defined in Lemma 2.

Its proof is found in Appendix A.3. The first step is con-
cluded with our first main result, which follows from Lem-
mas 1 and 3. Specifically, it chooses the values of S and
7 such that the probability of Qf, (8) approximating @}

(6) poorly (i.e., |Q% (2p, ) — Q5 (2p,2)| > N~y) can be
bounded from above by a given 0 < § < 1:
Theorem 1 Suppose that a set zp of observations, a bud-
get of N — n + 1 sampling locations for 1 < n < N,
v > 0,and 0 < & < 1 are given. The probability that
|Q% (zp, x) — Q% (2p,x)| < N~y holds for all x € X \ D
is at least 1 — § by setting
T2 N|X|T? 1
S=0(— NlogL+logf
72 72 5

where T is previously defined in Lemma 2. By assuming N,
|Al, 0o, O, K, and | X| as constants, T = O( /log(1/7))

_ [ Gog (1/7))* ool 108 (/)
andhenceSO( 2 1 g< ¥ >>

Its proof is provided in Appendix A.4.

Remark. It can be observed from Theorem 1 that the num-
ber of generated 7-truncated observations has to be in-
creased (i.e., higher chosen value of S) when (a) a lower
probability ¢ of Qf, (8) approximating @}, (6) poorly (i.e.,
|Q% (zp, x)—Q5, (2, x)| > N+)is desired, and (b) a larger
domain X of the phenomenon is given. The influence of ~,
N, |Al, 05, 0y, and k on S is similar to that on 7, as previ-
ously reported in Remark 2 after Lemma 2.

Thus far, we have shown in the first step that, with high
probability, ¢, (8) approximates @)}, (6) arbitrarily closely
for some chosen values of S and 7 (Theorem 1). The next
step uses this result to probabilistically bound the perfor-
mance loss in terms of Q¥ by observing location 7, (2p)
selected by our e-BAL policy 7€ at stage n and following
the BAL policy 7* thereafter:

Lemma 4 Suppose that a set zp of observations, a bud-
get of N — n + 1 sampling locations for 1 < n < N,
v >0 and 0 < § < 1 are given. Q(zp, 7 (2p)) —
Qr(zp,mE(2p)) < 2N« holds with probability at least
1 — 6 by setting S and T according to that in Theorem 1.

See Appendix A.5 for its proof. The final step extends
Lemma 4 to obtain our second main result. In particular,
it bounds the expected active sensing performance loss of
our stochastic e-BAL policy 7¢ relative to that of BAL pol-
icy 7*, that is, policy 7€ is e-Bayes-optimal:

Theorem 2 Given a set zp, of prior observations, a bud-
get of N sampling locations, and ¢ > 0, Vi*(2p,) —
Er[Vi (2p,)] < € by setting and substituting v =
€/(4N?) and § = ¢/(2N(Nlog(o,/a,) + log|A])) into
S and 7 in Theorem 1 to give T = O(y/log(1/e€)) and

log (1/€))?  (log (1
S:O<<og<2/e>> 1og( 0g<2/€))>_
€ €
Its proof is given in Appendix A.6.

Remark 1. The number of generated 7-truncated observa-
tions and the amount of truncation have to be, respectively,
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increased and reduced (i.e., higher chosen values of .S and
7) when a tighter user-defined loss bound ¢ is desired.

Remark 2. The deterministic BAL policy 7* is Bayes-
optimal among all candidate stochastic policies 7 since
E. [V (2p,)] < Vi*(2p,), as proven in Appendix A.7.

3.4. Anytime ¢-BAL ({«, €)-BAL) Algorithm

Unlike the BAL policy 7*, our e-BAL policy 7 can be de-
rived exactly because its time complexity is independent of
the size of the set of all possible originally Gaussian dis-
tributed observations, which is uncountable. But, the cost
of deriving 7€ is exponential in the length N of planning
horizon since it has to compute the values V,$(zp) (8) for
all (S|X|)N possible states (n, 2p). To ease this computa-
tional burden, we propose an anytime algorithm based on
e-BAL that can produce a good policy fast and improve its
approximation quality over time, as discussed next.

The key intuition behind our anytime e-BAL algorithm
({cv, €)-BAL of Algo. 1) is to focus the simulation of greedy
exploration paths through the most uncertain regions of the
state space (i.e., in terms of the values V,¢(zp)) instead of
evaluating the entire state space like 7w¢. To achieve this,
our («, €)-BAL algorithm maintains both lower and upper
heuristic bounds (respectively, V< (zp) and V,(zp)) for
each encountered state (n, zp ), which are exploited for rep-
resenting the uncertainty of its corresponding value V,¢(zp)
to be used in turn for guiding the greedy exploration (or,
put differently, pruning unnecessary, bad exploration of the
state space while still guaranteeing policy optimality).

To elaborate, each simulated exploration path (EXPLORE
of Algo. 1) repeatedly selects a sampling location x and
its corresponding 7-truncated observation z¢, at every stage
until the last stage NV is reached. Specifically, at each stage
n of the simulated path, the next states (n + 1, 2p U {z%})
with uncertainty [V, (2zpU{2.})— V5,1 (2pU{2L})| ex-
ceeding « (line 6) are identified (lines 7-8), among which
the one with largest lower bound V7, ., (2p U {z.}) (line
10) is prioritized/selected for exploration (if more than one
exists, ties are broken by choosing the one with most uncer-
tainty, that is, largest upper bound V| (zp U {22 }) (line
11)) while the remaining unexplored ones are placed in the
setU (line 12) to be considered for future exploration (lines
3-6 in («, €)-BAL). So, the simulated path terminates if the
uncertainty of every next state is at most «; the uncertainty
of a state at the last stage [V is guaranteed to be zero (14).

Then, the algorithm backtracks up the path to up-
date/tighten the bounds of previously visited states (line 7
in (o, €)-BAL and line 14 in EXPLORE) as follows:

Viten) e min( Vi o). e Qo) )

(14)
V;(zD)<—max<V;(zD), max @) (zD,x)>

€
zeX\D— "

Algorithm 1 («, €)-BAL(zp,)
(o, €)-BAL (2D, )

it {(1,2p,)}

2: while [V{(2p,) — Vi(2p,) | > cdo
3 Ve« argmax(, ..yecy Vi (2p)

("/’ ZD’) < argmax(, o)ev V;(ZD)

U+ U\{(n,2p)}

EXPLORE(n', zps,U) /U is passed by reference * /
UPDATE(n’, zp/)

8: return 7r§°‘">(z'po) + arg max, ¢ x\p, Q5 (20, )

A

EXPLORE(n, zp, U)
1: T+ 0
2: forallz € X \ Ddo
{2435, « sample from p(zz|2p) (4)
fori=1,...,Sdo )

2t zhmin(|z4], %)/ 124

it [V, (ep U{zL}) =V 1(2p U {21}) | > athen

T+« Tu{(n+1,2zpU{zl})}
parent(n + 1, zp U {21 }) « (n, 2p)

9: if | 7| > 0 then _
10: vV« arg MaX (11 25U {25 ET K;+1(ZD£ {=:}) .
11: (n+1,2p/) + arg max(n_H)ZDU{z;})€VV5L+1(ZD u{zl})
122 U« UU(T\{(n+1,2p)})
13: EXPLORE(n + 1, zp/, U)
14: Update V', (2p) and V& (2p ) using (14)
UPDATE(n, zp)
1: Update V5, (2p) and V€ (2p) using (14)
2: ifn > 1then
3: (n—1,2zp/) + parent(n, zp)
4:  UPDATE(n — 1, 2p/)

A A

S

—e 1 . —e )
Q, (2p,r) = g Z —logp(zL|2p) + V,pa(zp U {zL})
igl
1 . )
Q¢ (2p,2) & 5 Z —logp(zL|2p) + V5 11(2p U {z.})
i=1
for stage n = 1,...,N such that there is no V§v+1

(Vy41) term on the RHS expression of Qy (Q,) at stage
N. When the planning time runs out, we provide the
greedy policy induced by the lower bound: wia’q(zm) =

arg maxge x\p, Qi(sz x) (line 8 in («, €)-BAL).

Central to the anytime performance of our («,€)-BAL
algorithm is the computational efficiency of deriving in-
formed initial heuristic bounds V¢ (zp) and V', (z2p) where
Vi(zp) < Vié(zp) < Vi (zp). Due to lack of space,
we have shown in Appendix A.8 how they can be derived
efficiently. We have also derived a theoretical guarantee
similar to that of Theorem 2 on the expected active sens-
ing performance of our («, €)-BAL policy 7{®€) as shown
in Appendix A.9. We have analyzed the time complexity
of simulating k exploration paths in our («, €)-BAL algo-
rithm to be O(kNS|X|(JA|(N? + | X|N? + S| X|) + A +
log(kENS|X]))) (Appendix A.10) where O(A) denotes the
cost of initializing the heuristic bounds at each state. In
practice, (v, €)-BAL’s planning horizon can be shortened to
reduce its computational cost further by limiting the depth
of each simulated path to strictly less than V. In that case,
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although the resulting 7(®)’s performance has not been
theoretically analyzed, Section 4.1 demonstrates empiri-
cally that it outperforms the state-of-the-art algorithms.

4. Experiments and Discussion

This section evaluates the active sensing performance and
time efficiency of our (a,e€)-BAL policy ¢ (Sec-
tion 3) empirically under limited sampling budget using
two datasets featuring a simple, simulated spatial phe-
nomenon (Section 4.1) and a large-scale, real-world traffic
phenomenon (i.e., speeds of road segments) over an urban
road network (Section 4.2). All experiments are run on a
Mac OS X machine with Intel Core i7 at 2.66 GHz.

4.1. Simulated Spatial Phenomenon

The domain of the phenomenon is discretized into a finite
set of sampling locations X = {0,1,...,99}. The phe-
nomenon is a realization of a GP (Section 2) parameterized
by \* = {5} = 0.25,0)" = 10.0,/*" = 1.0}. For sim-
plicity, we assume that U;)* and Jg‘* are known, but the
true length-scale /2" = 1 is not. So, a uniform prior belief
bp,—¢ is maintained over aset £ = {1,6,9,12,15,18,21}
of 7 candidate length-scales ¢*. Using root mean squared
prediction error (RMSPE) as the performance metric, the
performance of our (a, €)-BAL policies 7{*) with plan-
ning horizon length N = 2,3 and « = 1.0 are com-
pared to that of the state-of-the-art GP-based active learn-
ing algorithms: (a) The a priori greedy design (APGD)
policy (Shewry & Wynn, 1987) iteratively selects and
adds argmax,ex\s, 2 aen 0D (NH[Zs, Ufz}]2Dy5 A] tO
the current set S,, of sampling locations (where So = 0)
until Sy is obtained, (b) the implicit exploration (IE) pol-
icy greedily selects and observes sampling location z'E =
arg maxXzex\p )_rep 00 (A)H[Z:|2p, A] and updates the
belief from bp to bpyy,#y over L; if the upper bound on
the performance advantage of using 7* over APGD pol-
icy is less than a pre-defined threshold, it will use APGD
with the remaining sampling budget, and (c) the explicit
exploration via independent tests (ITE) policy performs a
PAC-based binary search, which is guaranteed to find *"
with high probability, and then uses APGD to select the
remaining locations to be observed.

Both nonmyopic IE and ITE policies are proposed by
Krause & Guestrin (2007): IE is reported to incur the low-
est prediction error empirically while ITE is guaranteed not
to achieve worse than the optimal performance by more
than a factor of 1/e. Fig. 1a shows results of the active
sensing performance of the tested policies averaged over 20
realizations of the phenomenon drawn independently from
the underlying GP model described earlier. It can be ob-
served that the RMSPE of every tested policy decreases
with a larger budget of N sampling locations. Notably,
our («, €)-BAL policies perform better than the APGD, IE,

10°
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Figure 1. Graphs of (a) RMSPE of APGD, IE, ITE, and («, ¢)-

BAL policies with planning horizon length N’ = 2, 3 vs. budget

of N sampling locations, (b) stage-wise online processing cost of

(v, €)-BAL policy with N’ = 3 and (c) gap between V1 (2p,)

and V5 (zp,) vs. number of simulated paths.

and ITE policies, especially when N is small. The perfor-
mance gap between our («, €)-BAL policies and the other
policies decreases as IV increases, which intuitively means
that, with a tighter sampling budget (i.e., smaller V), it is
more critical to strike a right balance between exploration
and exploitation.

Fig. 2 shows the stage-wise sampling designs produced by
the tested policies with a budget of N = 15 sampling
locations. It can be observed that our («, €)-BAL policy
achieves a better balance between exploration and exploita-
tion and can therefore discern * much faster than the IE
and ITE policies while maintaining a fine spatial coverage
of the phenomenon. This is expected due to the following
issues faced by IE and ITE policies: (a) The myopic explo-
ration of IE tends not to observe closely-spaced locations
(Fig. 2a), which are in fact informative towards estimat-
ing the true length-scale, and (b) despite ITE’s theoretical
guarantee in finding /*, its PAC-style exploration is too
aggressive, hence completely ignoring how informative the
posterior belief bp over L is during exploration. This leads
to a sub-optimal exploration behavior that reserves too lit-
tle budget for exploitation and consequently entails a poor
spatial coverage, as shown in Fig. 2b.

Our (o, €)-BAL policy can resolve these issues by jointly
and naturally optimizing the trade-off between observing
the most informative locations for minimizing the predic-
tive uncertainty of the phenomenon (i.e., exploitation) vs.
the uncertainty surrounding its length-scale (i.e., explo-
ration), hence enjoying the best of both worlds (Fig. 2¢). In
fact, we notice that, after observing 5 locations, our («, €)-
BAL policy can focus 88.10% of its posterior belief on
¢*" while IE only assigns, on average, about 18.65% of its
posterior belief on EA*, which is hardly more informative
than the prior belief bp, (¢*") = 1/7 ~ 14.28%. Finally,
Fig. 1b shows that the online processing cost of («, €)-BAL
per sampling stage grows linearly in the number of sim-
ulated paths while Fig. 1c reveals that its approximation
quality improves (i.e., gap between V' (zp,) and V' (zp,)
decreases) with increasing number of simulated paths. In-
terestingly, it can be observed from Fig. lc that although
(o, €)-BAL needs about 800 simulated paths (i.e., 400 s)
to close the gap between V' (zp, ) and V$ (2p, ), VS (2p,)
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Figure 2. Stage-wise sampling designs produced by (a) IE, (b) ITE, and (c) {(«, €)-BAL policy with a planning horizon length N’ = 3
using a budget of N = 15 sampling locations. The final sampling designs are depicted in the bottommost rows of the figures.

only takes about 100 simulated paths (i.e., 50 s). This im-
plies the actual computation time needed for {«, €)-BAL to
reach V¢(zp, ) (via its lower bound V{(zp,)) is much less
than that required to verify the convergence of VS (zp,) to
V£ (2zp,) (i-e., by checking the gap). This is expected since
(o, €)-BAL explores states with largest lower bound first
(Section 3.4).

4.2. Real-World Traffic Phenomenon

Fig. 3a shows the traffic phenomenon (i.e., speeds (km/h)
of road segments) over an urban road network X compris-
ing 775 road segments (e.g., highways, arterials, slip roads,
etc.) in Tampines area, Singapore during lunch hours on
June 20, 2011. The mean speed is 52.8 km/h and the stan-
dard deviation is 21.0 km/h. Each road segment z € X
is specified by a 4-dimensional vector of features: length,
number of lanes, speed limit, and direction. The phe-
nomenon is modeled as a relational GP (Chen et al., 2012)
whose correlation structure can exploit both the road seg-
ment features and road network topology information. The
true parameters \* = {o\", 02", ¢*"} are set as the maxi-
mum likelihood estimates learned using the entire dataset.
We assume that ¢\ and o) are known, but /™ is not.
So, a uniform prior belief bp,—p is maintained over a set
L = {£*}S_, of 7 candidate length-scales £*0 = ¢*" and
A =2(i+ 1) fori=1,...,6.

The performance of our («, €)-BAL policies with planning
horizon length N’ = 3,4, 5 are compared to that of APGD
and IE policies (Section 4.1) by running each of them on
a mobile probe to direct its active sensing along a path
of adjacent road segments according to the road network
topology; ITE cannot be used here as it requires observ-
ing road segments separated by a pre-computed distance
during exploration (Krause & Guestrin, 2007), which vio-
lates the topological constraints of the road network since
the mobile probe cannot “teleport”. Fig. 3 shows results
of the tested policies averaged over 5 independent runs: It
can be observed from Fig. 3b that our {(«, €)-BAL policies
outperform APGD and IE policies due to their nonmyopic
exploration behavior. In terms of the total online process-
ing cost, Fig. 3¢ shows that (o, €)-BAL incurs < 4.5 hours
given a budget of N = 240 road segments, which can be
afforded by modern computing power. To illustrate the be-
havior of each policy, Figs. 3d-f show, respectively, the
road segments observed (shaded in black) by the mobile

CD
(N =3
(N =4
(N =5

RMSPE (km/h)

e

0 N Z40
Budget of N road segments

; Sl 5
Figure 3. (a) Traffic phenomenon (i.e., speeds (km/h) of road seg-

ments) over an urban road network in Tampines area, Singapore,
graphs of (b) RMSPE of APGD, IE, and {«, €)-BAL policies with
horizon length N’ = 3,4, 5 and (c) total online processing cost of
(v, €)-BAL policies with N’ = 3,4, 5 vs. budget of N segments,
and (d-f) road segments observed (shaded in black) by respective
APGD, IE, and (v, €)-BAL policies (N’ = 5) with N = 60.

probe running APGD, IE, and (o, €)-BAL policies with
N’ = 5 given a budget of N = 60. It can be observed
from Figs. 3d-e that both APGD and IE cause the probe to
move away from the slip roads and highways to low-speed
segments whose measurements vary much more smoothly;
this is expected due to their myopic exploration behavior.
In contrast, {(«, €)-BAL nonmyopically plans the probe’s
path and can thus direct it to observe the more informative
slip roads and highways with highly varying measurements
(Fig. 3f) to achieve better performance.

5. Conclusion

This paper describes and theoretically analyzes an e-BAL
approach to nonmyopic active learning of GPs that can
jointly and naturally optimize the exploration-exploitation
trade-off. We then provide an anytime (o, €)-BAL algo-
rithm based on e-BAL with real-time performance guaran-
tee and empirically demonstrate using synthetic and real-
world datasets that, with limited budget, it outperforms the
state-of-the-art GP-based active learning algorithms.
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A. Proofs of Main Results
A.1. Proof of Lemma 1

We will give a proof by induction on 7 that

|Qn (20, 2) = Qp(2p, )| < (N —n+ 1)y (15)

for all tuples (n, zp, x) generated at stage n = n',..., N
by (8) to compute V.5, (zp/). Whenn = N, W (zp,z) =
Q% (zp,x) in (10), by definition. So, |Q%(2p,z) —
Q% (zp, )| <y (15) trivially holds for the base case. Sup-
posing (15) holds for n + 1 (i.e., induction hypothesis), we
will prove that it holds for n’ < n < N:

1@ (2p,2) — Qr, (2D, 2)|

<@ (zp,x) — W ( )| + Wi (2p, ) — Q5 (2D, 7))
<+ Wy (zp,z) - (ZDJC)\

<v+ (N —n)y

=(N—-n+1)y.

The first and second inequalities follow from the triangle
inequality and (10), respectively. The last inequality is due
to

W, (Zm z) = Q;(2p, 7))
< 7Z|‘/n+l ZDU{ZZ'})

n+1(ZD U {Zx})’

;} |Qn+1 zp U {Zx} SC)
)

such that the last inequality follows from the induction hy-
pothesis.

From (15), when n = n/,
(N —n' + 1)y
ZpD = Zp’. O

w (2prs ) = Qp (201, )| <
forall z € X\ D' since D = D’ and

A.2. Proof of Lemma 2
Let

W (2p, ) £ —log p(zy|2p) + Vi (20 U {2,}) -
Then, W (2p,z) = S~' 37, Wi (2p,x) can be viewed
as an empirical mean computed based on the random sam-
ples W (zp, 2) drawn from a distribution whose mean co-
incides with

Qn(zp, @) £ HZy|2] + E[V;7 11 (20 U{Z:})|20]

HZy|2p) 2 — | [(Zs = 2|2p) log p(Zs = 2a|2p)d2s
~f(Zs = —F|2p) log p(Z, = —F|2p)
~f(Zs = 7|2p) logp(Z, = 7|2)

(16)

\2mo2

QZH (2p U {z;}, !

such that the expectation term is omitted from the RHS ex-
pression of Q ~ at stage N, and recall from Definition 1
that f and p are distributions of Z and Z,, respectively.
Using Hoeffding’s inequality,

SZ ZD7

with probability at least 1 — 2 exp(—S7%/ (2(W — W)?))
where W and W are upper and lower bounds of
Wi (zp,x), respectively To determine these bounds, note
that |z2| < 7, by Definition 1, and |uz‘p ,\\ < T-—71,by
(7). Consequently, 0 < (28 — HalD, N2 (T -1)2 <
2NNl —7)2 = 2NN~ - 1)272 such that the last
inequality follows from Lemma 7. Together with using
—(2NgN-1 —

Lemma 6, the following result ensues:
1 1)%7?
) >
|ZDa ) - \/m €xXp ( 20_% )

1
where 02 and o2 are previously defined in (13). It follows
that

Qn(zp,

wu

> p(z;

|ZD Zp |2Da (A)

exp(—@N“Nl = ”272)] bo (M)

(2t|zp) < 1/4/2m02. Then,

Similarly, p

] 1 IN N—-1 -1 2,2
_logp(ZHZ’D) < ilog(27rag) + ( u 20_727( ) : )
) 1
—logp(2L|zp) > 3 10g(27r0721) .
By Lemma 10, 10g(27reo ) S Vi (epU{zl}) <
5 log(27rea ) + log |A|. Consequently,
. Y 2N N—-1 _ 1 2.2
\W—W|3Nlog(”)+( e oA
On 202
N22N 2
= (’)(OT + Nlog -2 +log A|>

Finally, using Lemma 16, |Q? (2, ) — Qn (2p, )| < /2

by setting

N2x2N L 52 ,
7'—(’)( \/log( <H2+J—|—N10gg+log|A|>)> ,
vy o2 On

thereby guaranteeing that

|Q:L(ZD’ ) W*(ZD“T)' .
< Q5 (2, ) = Qu(2p,2)| + Qn(2p, ) — W} (21, 2)]
<X 7,

2 2
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with probability at least 1 — 2 exp(—25+?/T?) where

2 2N 2
T=2|W-W| :(’)(N

TL

+ N log ——Hog |A|>

A.3. Proof of Lemma 3

From Lemma 2,

25~2
P(IQ} (20, @) — W (2p,2)] > 7) < 2exp( = >

for each tuple (n, zp, x) generated at stage n = n',..., N
by (8) to compute V.5, (zp/). Since there will be no more
than (S|X|)™V tuples (n,zp,z) generated at stage n =
,..., N by (8) to compute V5 (zp), the probability that
|Q% (2p,x) — W} (2p,x)| > - for some generated tuple
(n, zp, ) is at most 2(S|X )Y exp(—25+2/T?) by apply-
ing the union bound. Lemma 3 then directly follows.

A.4. Proof of Theorem 1

Suppose that a set zp of observations, a budget of N —n+1
sampling locations, S € Z*, and v > 0 are given. It fol-
lows immediately from Lemmas 1 and 3 that the probabil-
ity of |Q% (zp, z) — Q5,(2p, x)] < N+ (11) holding for all
x € X\ Dis at least
25~2 )
T2

where T is previously defined in Lemma 2.

To guarantee that |Q7 (zp,z) — Q% (2p,x)| < N~ (11)
holds for all x € X \ Dy with probability at least 1 — §,
the value of S to be determined must therefore satisfy the
following inequality:

1— 2(S|X|)Nexp<—

2 2
1—2(S|X|)Nexp(— jg ) >1-46,

which is equivalent to
2

S>T<NlogS+Nlog|X+log5> 17

Using the identity log S < a.S' — log o — 1 with an appro-
priate choice of a = ~2/(NT?), the RHS expression of
(17) can be bounded from above by

S T2 N|X|T? 2
—4+ — (Nlog———+1log—-|.
2 + 272 ( o8 ey? +log )

Therefore, to satisfy (17), it suffices to determine the value
of .S such that the following inequality holds:

s 17 N|x|T? 2
>2 4 = (Nlog 5 1 log 2
52—’_272( o8 ey? +Og6)

by setting

T2 N|Xx|T? 2
S=— NlogL—Hogf (18)
42 2 5

N2 2N7.2

where T £ O (
J

n

N2x2N L 52
7':(9<c70\/10g(7 <K+U+N10g —2 +log |A>>>
Un On

as defined in Lemma 2 previously. By assuming o,, oy,
|A], N, &, and | X| as constants, 7 = O(4/log(1/7)), thus
resulting in 7' = O(log(1/7)). Consequently, (18) can be

reduced to
2
S=0 (IOg (%)) logv((? .0

72

+N log — +log |A|> by setting

log

A.5. Proof of Lemma 4

Theorem 1 implies that (a) Q(zp,7)(2p)) —
Q. (2p,m,(2p)) < @} (2p, 7, (2p)) — Q5 (2D, 7, (2p)) +
Ny and (b) @ (2p,7;(2p)) — Q(2p, 7, (2p)) <
maxgex\p |Q;, (2p,2) — Q5 (2p, )| < Nv. By combin-
ing (a) and (b), Q% (2p,75(2p)) — Qi (2p, e (20)) <
N~ 4+ N+ = 2N+ holds with probability at least 1 — § by
setting S and 7 according to that in Theorem 1. g

A.6. Proof of Theorem 2

By Lemma 4, Q7 (2p,m,(2p)) — Q;(2p,m,(2p)) <
2N~ holds with probability at least 1 — §. Otherwise,

Q (zp, 7} (2p)) — QF (2p, 7 (2p)) > 2N~ with prob-
ability at most . In the latter case,
@y (2p, T, (2p)) — @, (2D, T, (2D))

<(N-n+ l)log<> + log |A| (19)

< Nlog( ) + log |A|

where the first inequality in (19) follows from (a)
Qn(zp,my(2p)) = Vjilzp) < 05N — n +
1) log(2mea?) + log |A|, by Lemma 10, and (b)

Qr,(2p, 7, (2p))
= H[Zﬂe (zD)|ZD] + E[VHJFI(ZD U {Zﬁe (2p) })‘ZD}

> = 10g(27’l’60’ ') + i(N — n)log(2meo?)

—_

| =B

5 (N—-n+1) 1og(27reo,21)

(20)
such that the inequality in (20) is due to Lemmas 10 and
11, and the last inequality in (19) holds because o, > o,
by definition in (13) (hence, log (¢, /0,,) > 0). Recall that
7€ is a stochastic policy (instead of a deterministic policy
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like 7*) due to its use of the truncated sampling procedure
(Section 3.2), which implies 75 (zp) is a random variable.
As a result,

Ere (20)[@n (2D, 7 (20)) — @3 (2D, 73, (2p))]
<(1-0)(2N~)+4 (Nlog() +logA|) 21

< 2N~ +4 (Nlog( ) +logA|)

where the expectation is with respect to random variable
m€(zp) and the first inequality follows from Lemma 4 and
(19). Using

ETrfL(zD)[Q:L
=V, (2p)

Qr (2D, 75, (20))]
m(2p))]

(2D, 7, (2p)) —
- Eﬂ'fL(Z‘D)[Q:l (ZD7

and

]EW;(ZD)[Q;: (Z'Da 77761(273))]

prove that it holds for n < NV:

Vi (2) — Egmyy, [ Vil (20)
= Vi (20) = Exg (2 [H[ Zrg (2 | 20] | —

Ere (2 )[ |:E{7'r N nH[VJJ;l(ZDU{ZﬂZ(ZD)})] ‘ZD”
< Eore (o) [E[Virg1 (20 U {Zre (2) }) |20] ] +
2N~ +9 Nlog( ) —Hog|A|>
Er (zm[E Eireir [Vn+1(z73 Y {Z”Wv)})] ‘ZDH
= EW;(ZD)[]E {Vn+1(ZD U{Zre(:0)}) —
E{neyn n+1[Vr;i1(ZD u{Zﬂ;(m})} ‘ZD”
+ 2Ny +4 (N 10g< + log |A|>

’I’L

< (N —n) <2N7 +6 (N log( ) +log |A|>)

= Ene (o) [H[Zre (20 |2D] FE[Vi 1 (20 U {Zs o }) |2D]], + 2Ny + 6 (N 10g< > + log |A|>

(21) therefore becomes

V: (ZD) - ET";(ZD) [H[ZW;(ZD) |ZD]]
< Ers (op) [B[Vir41 (20 U {Zng o) }) 2D ] +

(22)
2N~ +6 <N10g< > +log|A|>

such that there is no expectation term on the RHS expres-
sion of (22) whenn = N.

From (5), V" (2p,) can be expanded into the following re-
cursive formulation using chain rule for entropy:

%?(ZD) = H[Zﬂn(ZD)|2D] +E[VJ+1(ZD U {Zﬂ'n(ZD)}) ‘Z'D]

(23)
for stage n = 1, ..., N where the expectation term is omit-
ted from the RHS expression of V7 at stage N.

Using (22) and (23) above, we will now give a proof by
induction on n that

€

Vi (2p) = By | [Vf (ZD)]

<(N—-n+1) (2N’y+5 <Nlog( ) +10g|A|)>
7 (24)
Whenn = N,
Vii(2) = Egagy [V 0)]
= VJTI(ZD) - Ew;,(zp) [H[Zﬁ\,(?«'p) |ZD}]

<2N~v+4 (Nlog( > +log|A|)

such that the equality is due to (23) and the inequality fol-
lows from (22). So, (24) holds for the base case. Suppos-
ing (24) holds for n+ 1 (i.e., induction hypothesis), we will

— (N—n+1) (2N7+5<N10g( )+log|/\|)>

such that the first equality is due to (23), and the first and
second inequalities follow from (22) and induction hypoth-
esis, respectively.

From (24), whenn =1,
Vi (20) — Exe [V ()]
=V (2p) — E{,ﬁf}N [Vfre(ZD)}

oo (2 (e 22 + e ).

Lete = N(2Nv + 6(N log(o,/0y) + log |A])) by setting
v =¢€/(4N?) and § = ¢/(2N(N log(o,/0y) + log |A])).
As aresult, from Lemma 4, 7 = O(4/log(1/¢€)) and

S = O(GOgS))Q log<1og6(2i)>> :

Theorem 2 then follows.

A.7. Proof of Theorem 3
Theorem 3 Let m be any stochastic policy. Then,
Ex[VI"(2p,)] < V1" (2, )-
Proof. We will give a proof by induction on n that
Eqay Vi (zp)] < V.M (2p) . (25)

Whenn = N,

E{WN}[V](/'T(Z'D)] = E ~N(zp [H[ZTFN ZD)|ZD]]
< Ex <D>[rgl)§§< H[Z:|2p]]
=E, ( »[Va(zp)]
=Vy



Nonmyopic e-Bayes-Optimal Active Learning of Gaussian Processes

such that the first and second last equalities are due to (23)
and (6), respectively. So, (25) holds for the base case. Sup-
posing (25) holds for n + 1 (i.e., induction hypothesis), we
will prove that it holds for n < N:

E{ g Vi (zp))]
TVn(ZD)[H[ WIL(ZD)|ZD]:| +
Eﬂ.n(ZD) E[E{m o n+1(ZD U {Z zp)})] ’ZD”

< Eﬂn(zv)[H[ Wn(ZD)l'ZDH +

Eﬂ'n(zﬂ) _E|: 71+1(ZD U {Z"TH(ZD)}) ‘ZD:H
< Er, (o) max H[Z.|2p] + B[V 1(2p0 U{Z:})|20]
= ETK'n(Z’D) [Vn (ZD)]
=V, (2p)

such that the first and second last equalities are, respec-
tively, due to (23) and (6), and the first inequality follows
from the induction hypothesis.

A.8. Initializing Informed Heuristic Bounds

Due to the use of the truncated sampling procedure (Sec-
tion 3.2), computing informed initial heuristic bounds for
Ve(zp) is infeasible without expanding from its corre-
sponding state to all possible states in the subsequent stages
n+1,..., N, which we want to avoid. To resolve this issue,
we instead derive informed bounds V¢ (zp) and V', (2p)
that satisfy

Ve (2p) < Vi(zp) < V,(2p). (26)

with high probability: Using Theorem 1, |V.*(zp) —
Vilzp)| < maxgea\p|Qr(2p,2) — Q(2p,2)| <
N+, which implies V*(zp) — Ny < Vi(zp) <
V.*(2p) + N~ with probability at least 1 — 6. V.*(zp)
can at least be naively bounded using the uninformed,
domain-independent lower and upper bounds given in
Lemma 10. In practice, domain-dependent bounds V' (2p)
and V,(2p) (e, Vi(zp) < Vi(zp) < V,(2p)
tend to be more informed and we will show in Theo-
rem 4 below how they can be derived efficiently. So,
by setting VC(2p) = Vi (2p) — Ny and V, (2p) =
V, (2p) + N’y forn < N and VS (2p) = Viy(2p) =
maxgex\p S~ Zi:l logp(2L|zp), (26) holds with
probability at least 1 — 6.

Theorem 4 Given a set zp of observations and a space
A of parameters ), define the a priori greedy design with
unknown parameters as the set S, of n > 1 sampling loca-

|

tions where

So= 0
S, 28,_1U { arg max Z bp(N) H[Zs, _,u{a} 2D, Al
reX NeA
- (N H[Zs, , |20, /\]}~
AEA
(27)

Similarly, define the a priori greedy design with known pa-
rameters \ as the set S of n > 1 sampling locations where

Sy =D
S,é\ £ S/\ 1 U {ar%erilvax H[Zsk U{z}|ZD7 ] (28)
~H[Zs» |2p, )\]}.
Then,
H[Z{ﬂ' P N- n+1 z Zb'D(A) H[an|ZD7>\}
AEA
H[Zeyx o 120] <D b (A {H[quzp, N+
AEA
+ H[A]
(29)
where
{7T }z N—n+1 — argmax H[Z{Tr, NoN— n+1|ZD]’
i 7 N-—n+1
A denotes the set of random parameters cor-
responding to the realized parameters ), and
r = —min(0,0.5log(2mes?)) > 0.
Remark.  V§_, 1(2p) = H[Zgyy n+1|zD], by
definition.  Hence, the lower and upper bounds of
H[Zyn +1|ZD] (29) constitute informed domain-

dependent bounds for Vy;_, . (2p) that can be derived ef-
ficiently since both S,, (27) and {S) }xca (28) can be com-
puted in polynomial time with respect to the interested vari-
ables.

Proof. To prove the lower bound,

[Z{ﬂ' i=N— 7L+1|ZD]
= max H[Z,. |2p]
{”i}fv:N—n+1 { = N n
> max Z bp(\ Z{m}N 1|2;p, Al
{m}l N-n+1 \cA
max bD Zg ZD,
S T RAE
> ZbD [ZSn‘ZD7>\] .
AEA

The first inequality follows from the monotonicity
of conditional entropy (i.e., “information never hurts”
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bound) (Cover & Thomas, 1991). The second
inequality holds because the optimal set S* =
arg maxscy:|sj=n 2 _rea 00(A) H[Zs|zp, A] is an opti-
mal a priori design (i.e., non-sequential) that does not per-
form better than the optimal sequential policy 7* (Krause
& Guestrin, 2007). The third inequality is due to definition
of S,,.

To prove the upper bound,

H[Z(neyy ., |20)]
< b
< 2 bl N scpax | HlZs|zp, A + HA
AEA
.
< )%;Xbp |:€H[ZSAZD7 ] 1 +H[/l]

such that the first inequality is due to Theorem 1 of Krause
& Guestrin (2007), and the second inequality follows from
Lemma 18.

A.9. Performance Guarantee of (c,¢)-BAL Policy 7(*¢)

Lemma S Suppose that a set zp of observations, a budget
of N — n + 1 sampling locations for1 <n < N, v > 0,
0<9d < 1, and o > 0 are given. Q (zp, 7} (2p)) —
Qx (2p, M (2p)) < 2(Nv + @) holds with probability
at least 1 — 6§ by setting S and T according to that in Theo-
rem 1.

Proof.  When our («,¢)-BAL algorithm terminates,
[Vi(zp,) — VS(2p,)| < o, which implies |V (zp,) —
Vi(zp,)| < «a. By Theorem 1, since |Vi*(zp,)
‘/le(ZDo)| < MaXzex\ Do ‘Q:(ZD[),Q?) - Q (ZDU’ )|
N, [V (2m,) — Vi (ep)| < [V (2m,) — V()| +
|VE(2p,) — Vi (2p,)| < Nv + a with probability at least
1 — 4. In general, given that the length of planning hori-
zonisreducedto N —n +1forl < n < N, the above
inequalities are equivalent to

IN

Vi(sp) = Vi(20)| < a
Vi (z) = Vi (20)]
= |@1(epy T (20)) = @ (2, 7 (0))| < N7+

(30)
by increasing/shifting the indices of V¢, V', and V;* above
from 1 to n so that these value functions start at stage n
instead.

Q20,7 (2p)) — Qi (2p, 1™ (2p))

= Qi (2p,,(2p)) — @ <sz,7rff“’€>( D)) +
Q (zp, 1" (2p)) — Q% <zD,m“ (2p)) +
Q5 (2, €><zD>> ~ Qi(zp, m (2p))

<ny+oz+SZ( n+1 ZDU{Z 7§ )})*

VinlmU (st ) + 9
<2(Nvy+a)

where the inequalities follow from (8), (14), (30), and The-
orem 1.

Theorem 5 Given a set zp, of prior observations, a
budget of N sampling locations, a« > 0, and ¢ >
ANo, Vi*(2p,) — Epteer [V1“<a’€>(zpo)] < € by setting
and substituting v = €/(4N?) and § = (¢/(2N) —
2a)/(Nlog(o,/0n) + log|A|) into S and T in The-
orem 1 to give 7 = O(y/log(l/e)) and S =

0( (log (612/6)) log(li (_15)) ) )

Proof Sketch. The proof follows from Lemma 5 and is sim-
ilar to that of Theorem 2.

A.10. Time Complexity of («, ¢)-BAL Algorithm

Suppose that our («, €)-BAL algorithm runs k simulated
exploration paths during its lifetime where k actually de-
pends on the available time for planning. Then, since each
exploration path has at most NV stages and each stage gener-
ates at most S| X| states, there will be at most O(kN S| X|)
states generated during the whole lifetime of our («, €)-
BAL algorithm. So, to analyze the overall time complexity
of our (a, €)-BAL algorithm, the processing cost at each
state is first quantified, which, according to EXPLORE of
Algorithm 1, includes the cost of sampling (lines 2-5), ini-
tializing (line 6) and updating the corresponding heuristic
bounds (line 14). In particular, the cost of sampling at
each state involves training the GPs (i.e., O(N?)) and com-
puting the predictive distributions using (1) and (2) (i.e.,
O(|X|N?)) for each set of realized parameters A € A and
the cost of generating S|X'| samples from a mixture of |A|
Gaussian distributions (i.e., O(]A|S|X|)) by assuming that
drawing a sample from a Gaussian distribution consumes a
unit processing cost. This results in a total sampling com-
plexity of O(|A|(N® + |X|N? + S|X])).

Now, let O(A) denote the processing cost of initializing the
heuristic bounds at each state, which depends on the actual
bounding scheme being used. The total processing cost at
each state is therefore O(|A|(N? + |X|N? + S|X|) + A +
S|X|) where the last term corresponds to the cost of up-
dating bounds by (14). In addition, to search for the most
potential state to explore in O(1) at each stage (lines 10-
11), the set of unexplored states is maintained in a priority
queue (line 12) using the corresponding exploration crite-
rion, thus incurring an extra management cost (i.e., updat-
ing the queue) of O(log(kN S|X|)). That is, the total time
complexity of simulating k exploration paths in our («, €)-
BAL algorithm is O(kNS|X|(JA|(N3 +|X|N% + S|X|) +
A +log(kNS|X)))).
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B. Proofs of Auxiliary Results

Lemma6 For all zp, = € X \ D, and N =
{o), o), 07,. Z%} € A (Section 2), 02 < OuzD A < o2
where U,QZ and O' are defined in (13).

Proof. Lemma 6 of Cao et al. (2013) implies (o)))? <
Orzipn < (02)? + (op)?, from which Lemma 6 directly
follows.

= =/

Lemma 7 Let [-7,7] ([~7',7']) denote the support of the

distribution of Z, (Zy) for alla: eX\D(eXx\ (DU
{z})) at stagen (n+ 1) forn=1,...,N — 1. Then,

Kk—3

7 < KT — T (31)
where k is previously defined in (12). Without loss of gener-
ality, assuming pi,p, » = 0 forall x € X\ Dyand X € A,
T<nk" 'ratstagen=1,...,N.

Proof. By Definition 1, since |p,/p s <7 — 7, |2i] <7,
and |pig|p x| < 7—, it follows from (12) and the following
property of Gaussian posterior mean

—1 %
Mo\ DU{z},\ = Ha/| DA + Ux’x|D,/\O—mg‘D,)\(Zz - Nm|D,>\)

that |, pufzyn| < KT — 0.5(k — 1)7. Consequently,
| mings e x\ (pU{z}) AeA Ha' [ DUz} A — T| < KT — 0-5(’j -
3)7 and | max,s e x\ (pu{x}) AeA Ha'[DU{z} A T T| < KT —
0.5(k — 3)7. Then, 7/ < k7 — 0.5(k — 3)7, by (7).

Since fizp,,» = Oforallz € X\ Dyand A € A, 7 =7 at
stage n = 1, by (7). If K > 3, then it follows from (31) that
7' < kT—0.5(k—3)7 < kT since 0 < 0.5(k —3) < k and
0<7<7. Asaresult, 7 < k"7 atstagen =1,...,N.
Otherwise (ie., 1 < k < 3), 7 < kT + 0.5(3 — k)
KT + 7 since 0 < 0.5(3 — k) < 1. Consequently,
S Olli T <nk" lratstagen=1,...,N.

b
T <
T <

Definition 2 (Diagonally Dominant Xpp|\) Given 2p
(D C X)and X\ € A, Ypp)y is said to be diagonally
dominant if

Crx|r = (\/|D| +1> Z Tz’ |A

z’€D\{z}

forany x € D. Furthermore, since 04z = (a%‘)2+ (O’A)Q
forallx € X,

wz|)\ (\/ |D| 1+ 1) max Z Ouz! |\ -

z’€D\{u}

Lemma 8 Without loss of generality, assume that p,, = 0
forallz € X. Forall zp (D C X), A € A, andn > 0, if
Ypp)a is diagonally dominant (Definition 2) and |z,| < n
forall w € D, then |y p | < nforallx € X\ D.

Proof. Since p, =0forallz € X,
HaD A = ZaDAEpp 2D - (32)

Since ED%?I A\ is a symmetric, positive-definite matrix, there
exists an orthonormal basis comprising the eigenvectors

E 2 [e; e ... e|p|] (eje; = 1 and e?ej = 0 for

i # j) and their associated positive eigenvalues ¥ ! £
Diag[¢); ngl,...,wl;)ﬂ such that ED}DM = EV'ET

(i.e., spectral theorem). Denote {a1}| 1 and {ﬁ,}'p1
the sets of coefficients when Yp,5 and zp are projected
on F, respectively. (32) can therefore be rewritten as

|D| |D]
Bz A = Zaie; DD|)\ Zﬂzei

i=1
|D| |D|

= Z aie;r ZBZ (25,1DM€Z)
i=1 i=1
|D| |D|

= | Y el | | D Biate
i=1 i=1

|D|

= > Bt (33)

2 _ Dl a-1)
From (33), pip, = Y oimy cifib; <

vnk (Z2la2) (Z2082) = wik|Zeonll; 2ol

with Ymin 2 mm‘ |1 ;, which can be bounded from

below by applying Gershgorin circle theorem for Xpp|y:

R (u))

wmin > Lrg% (ouu|A -

= Ogg|x — NaAX R%(u)
u€eD
> (VIPI+1), max Rb (o) (u) — max R(w)

where R, (u) 2D\ {u) Tuar|r» the first equal-
ity follows from the fact that oy, = (0;\)2 +
(02)2 = Oggx for all u,z € A&, and the sec-
ond inequality holds because X(pu(s})(Dufz})|r 1S as-

sumed to be diagonally dominant (Definition 2). On the
other hand, since © ¢ D, Rp ., (u) = Rp(u) +

Ouz|h 2 R;}( ) for all w € D, which immediately im-
plies maxyepu s} R%U{x}(u) 2> MaXyep R%U{I}(“) >
max,ep R (u). Plugging this into the above inequal-
ity’ wmin > (\/ |D| + 1) maXyepu{z} R%u{x}(u) -

maxyep R%)( ) 2> |D| maXycpu{x} Ri\)u{x}(“)

VIDIR Du{z} - Since [[Xopall2 = \/ZuGD Uiu\x

> weD Tzulr R%U{I}(x), it follows that i, >

Y]

IN
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VIDIIZappall2 or, equivalently, ¢2,, > |D||Zapall3.
which implies 47, , < Vot IZeopl3llenl3 <
ID|71|2p|13 < |D|71|D|n? = n? where the last inequality
holds due to the fact that |z,| < 7 for all u € D. Hence,
leip Al < 0. O

Lemma 9 Let [—Tiax, Tmax] and [—T, 7] denote the largest
support of the distributions of Zw forallx € X\ D at
stages 1,2, ..., n and the support of the distribution of ZE
forallx € X\ D atstagen + 1 forn=1,2,... N —1,
respectively. Suppose that Dy = () and, without loss of
generality, i, = 0 forall x € X. Forall zp (D C X)
and \ € A, if ¥pp)y is diagonally dominant (Definition 2),
then T < Tmax + 7. Consequently, T < nrt at stage n =
1 N.

yoeeey

Remark. If Ypp)y is diagonally dominant (Definition 2),
then Lemma 9 provides a tighter bound on 7 (i.e., 7 < n7)
than Lemma 7 that does not involve k. In fact, it coincides
exactly with the bound derived in Lemma 7 by setting k =
1. By using this bound (instead of Lemma 7’s bound) in the
proof of Lemma 2 (Appendix A.2), it is easy to see that the
probabilistic bound in Lemma 2 and its subsequent results
hold by setting x = 1.

Proof. Since [—Tmax, Tmax] 18 the largest support of the dis-
tributions of ZL, for all z € X \ D at stages 1,2,...,n,
|2i| < Tmax for all z € X\ D at stages 1,2,...,n,
by Definition 1. Therefore, at stage n + 1, |z4| < Tiax
for all w € D. By Lemma 8, |pzp,a| < Tmax for all
x € X\ Dand A € A at stage n + 1, which conse-
quently implies | mingex\p aea Mapr — T| < Tmax + 7
and | max,ex\p,reA faD,x + T| < Tmax + 7. Then, it
follows from (7) that 7 < T + 7 at stage n + 1 for
n=1,...,N —1.

Since Dy = 0, pizjpy» = ptz = 0. Then, 7 = 7 at
stage 1, by (7). Consequently, 7 < nr at stage n =
1,2,....N. o

Lemma 10 Forall zp andn=1,..., N,
1
Vi (zp) < §(N —n+ 1) log(2mec?) +log |A| ,
1
V¥ (zp) > §(N —n +1)log(2meo?)
where o and o2 are previously defined in (13).

Proof. By definition (6), V' (2p) = H[Z{,+y~ |2p]. Us-
ing Theorem 1 of Krause & Guestrin (2007),

H[Z v |2p] < Z bp(A)
AEA
=Y " bp(A) H[Zas|2p, A] + H[A]
AEA

max
|[A|=N—-n+1

(34)

H[Z 4|2p, A\| +H[A]

where A denotes the set of random parameters correspond-
ing to the realized parameters \, A, A* C X\ D, A* £
arg max| 4|=n—n+1 H[Z4l2p, A], and

H[Z4lzp, \| & _/p(2A|ZD7)\) log p(zalzp, A) dza

1
) log((Qﬂe)lA‘ ’ZA.A\D,)\D

(35
such that > 4 4/p,» is a posterior covariance matrix with
components o,,p,» for all z, 2’ € A. Furthermore,

H[Zax|2p, A < Y H[Zs|2p, Al
rzEAN

1
5 Z log(?weammﬁ)\)
ze A (36)
V;—‘ 10g(27r603)
N-n+1
2

IN

log(27reag)

where H[Z,|zp, A] is defined in a similar manner as (35).
Substituting (36) back into (34),

Vi(ep) =H[Zzyx |2p]

N — 1

< ++ log(2mea?) + H[A]
N — 1

< Yo+l log(2mea?) + log A

2

where the last inequality follows from the fact that the en-
tropy of a discrete distribution is maximized when the dis-
tribution is uniform.

On the other hand, from (6),

Vit (+0) = B[ Zys (e |20) +E[Viis (50 U {Zny o)) |20

> % log(2meay, ) —HE[ i1 (20 U{Zrs 2oy }) ‘ZD:|

(37)
where the inequality is due to Lemma 11. Then, the lower
bound of V,*(zp) can be proven by induction using (37),
as detailed next. When n = N (i.e., base case), V3 (2p) =
H([Zxs (2p)|7D] > 0.5log(2meo?), by Lemma 11. Sup-
posing V1 (2p) = 0.5(N — n)log(2mes?) forn < N
(i.e., induction hypothesis), V,*(zp) > 0.5(N — n +
1) log(?weai), by (37). 0O

Lemma 11 Forall zp and x € X \ D,
1 2
H[Z,|2p] > 3 log(2meo?) .

where o2 is previously defined in (13).

Proof. Using the monotonicity of conditional entropy
(i.e., “information never hurts” bound) (Cover & Thomas,
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1991),
H[Zs|2p] > Y bp(A) H[Zs|2p, A]
)\GA
== Z bp(A) log 27Team|p )\)
)\EA
> - Z bp(A log 27T€O' )
AeA

— 1 2
=3 10g(27rean)

where H[Z,|2p, ] is defined in a similar manner as (35)
and the last inequality holds due to Lemma 6.

Lemma 12 Forall zp and x € X \ D,

/ p(2z]2p) dzy < 2<I><T>
|z2|>7 90

where ® denotes the cumulative distribution function of
N(0,1) and o, is previously defined in (13).

Proof. From (4),

|22 |27

= bo(\) plzalep, N) dzs

AEA |22 |27
=> bD(A)/ (Y| 2, A) dye

AEA [Yo+tz| D A>T

AEA |ye| 2T

.
=2 bp(N) <I><—>
A;\ \/Ozz| D,
<o2p( -
UO

where, in the second equality, v, = z, — He|p,x and
hence p(y.|2p,A) ~ N(0,044p,), the first inequality
follows from {ys| [y + paipa| = T} € {al ly=| > 7}
since |pypr| < T — 7 due to (7), the last equality is
due to the identity [, p(y) dy = 2®(—7/0) such that
p(y) ~ N(0,0?%), and the last inequality follows from the
fact that @ is an increasing function and o, p, ) < o2 due
toLemma 6.

Lemma 13

/ y? ply) dy
ly—pl|>7 )
2 T
—9(g2 2 (I,(_Z) \/7 _
(O’ + ) p +oT - exp 552

where p(y) ~ N (u, 02) and ® denotes the cumulative dis-
tribution function of N'(0, 1).

Proof. Consider p(x) ~ N(0,0?). Then,

/ 22 p(z) dz = o — / 22 p(z) dz
lz|>7 -

where the last equality follows by setting z 2 x/(v/20).
Then, using the following well-known identity:

b

b, e 1 2
/aze dz:z(ﬁerf(z)—%e )

a

for the second term on the RHS expression of (38),

/ 22 p(z) do
“7((5) ()l
A ()

where the last equality follows from the identity ®(z) =
0.5(1 + erf(z/v/2)). Then, plugging (39) into (38) and
using the identity 1 — ®(z) = ®(—=z),

/2 72
_ 2

/|w>7_ ( )dl’ 20 @(7;>+O—T ﬂexp(w)
Let z £ y — p1. Then,

/ y? p(y) dy = / 22 p(z) do +
ly—p|>T lz|>7
2,u/ x p(x) dz + ,u2/ p(z) dx
|z|>T |z|>T

Finally, using the identities

[ s
lz|>7

Lemma 13 directly follows.

p(x) dz =0 and /

|z|>7

Lemma 14 Let

(o = papp)’
2Uzz|’l),/\

G(ZDa z, >‘a )‘/) £ /

[22| 27T

N)dz, .
(40)

T
202

p(Z$|ZD7
Forall zp, x € X\ D, 7> 1, and \, N € A,

G(zp,z, A\ \) < (9< (N?k 2NT+02) GXP(

’ﬂ

where o, and o, are defined in (13).
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Proof. Let y, £ 2,
Ha|D, 2. Then,

A
— Pzipx Ad fig ]z ' = HgD N —

G(zp,z,\,\)
1

=— Y2 p(yal2p, N) dys

20$1|Dv>‘ Yo+t D A>T

2
Yz P(Yz|2D,
Yz —bgx a1 27

(41)

= 9 i\ >‘/) dyw
20rm|D,A

Where p(yw‘zD7 )\/) ~ N(:uzl)\,/\/a Uzz‘D)\’), and the in—

equality follows from {y.| |yo+1tojpAl > T} C {Ya! [y2—

fizian] = T} since [pgp x| <7 — 7 due to (7).

Applying Lemma 13 to (41),

2
OzziD, N T 1 / T
G(ZD7m7)\v)\l) < ( il zlhX ) (I)<_\/7>
Oxz|D,\ Oz |D,N
2
T/ Oxz|D,N exn — T
P 20—wz|D,X

_l’_
Ozx|DAV 27

< 02+4N2/£2N7'2 > T n TO, exp _i
o2 0o)  02\2m 202

where the last inequality holds due t0 0,4p x < o2 and
Ouz/D,x = O, as proven in Lemma 6, and ji,5 v =
faDx — Hapa < 27 — 27 < 2NEN 17 by |pgp sl <
7T — 7 and |pgpn| < 7T — 7) derived from (7) and by
Lemma 7.

Finally, by applying the following Gaussian tail inequality:

2
o(2)-roz) szl ) o
o o T 202
72
Glzp,a, \N) < O 22 (N2 7 4 02) exp( — o
o2 202

sinceT > 1.

Lemma 15 Forall zp, x € X\ D, and T > 1,

T
202

0 < H(Z,|2p] - H[Z, |20 <
(’)<Ug (NQIQQNT + 03) exp(—
Jn
where o, and o, are defined in (13). So,

‘Hz \2p] — H[Z,|20] ‘
7_2
O(g_n (N2 2N7-+0' )exp( 20_3>) .

Proof. From (6) and (16),

H[Z, |2p] —H[Zz| 20) =

p(22]2p)

>~ p(7]2p)
—I—/? p(zz|2D) 10g<p(zx|zD)> dz, .
(43)

plelimton( U7 Y s,

Since p(z,|2p) is the predictive distribution representing
a mixture of Gaussian predictive distributions (4) whose
posterior means (1) fall within the interval [—7, 7] due to
(7), it is clear that p(—7|zp) > p(z.|2p) forall z, < —7
and p(T|zp) > p(zz|zp) for all z, > 7. As aresult, the
RHS expression of (43) is non-negative, that is, H[Z, |zp]—
H[Z,|2p] > 0.

On the other hand, from (4),

p(2z|2p) =

]. - x
> e
)\GA 27TJM|D)\ 20 20|D,x
<> e o)
AEA 271—0—3:1\D)\

1

< N =——
)%1:\ onV?2 oV 2T

such that the last inequality follows from Lemma 6. By
taking log of both sides of the above inequality and set-
ting 2, = —7 (2, = 7), logp(—7|2p) < —0.5log(2702)
(log p(T|2p) < —0.51log(2wc?2)). Then, from (43),

H[Z,|2p] - H[Z, ] 20] < —% log(2r02) /

|22 |27

+/ P(2z|2p) (—log p(2z|2p)) 2 -
|z |>T

p(zz|2p)dzs

(44)
Using (4) and Jensen’s inequality, since — log is a convex
function,

/ > p(zw|2D) (_ Ing(zz|Z,D))dzw

p(Zm|ZD) (_ logp(le,ZD, )‘)) dz,
|22 |>7T

< - log(2mo?) / p(2z|2p)dze +
2 20|27

3y bo(\)bo (V) G2, 2, A, V)

1
< - log (270?2) / p(2z)2p)dze + max G(zp, x, A\, \)
2 20|27 AN

A
|
o
0]
—
N
)
Q

¥
SN—

|22 |>7 9
O(;i (N?62N7 4 62) eXp(—;‘g))

(45)
where G(zp, x, A\, \') is previously defined in (40), the sec-
ond inequality is due to

2
(zw - ,u/x|’D,)\>
20x$|D,>\
2
(Zw - ,uz|'D,)\)
20$3¢|D,>\

1
—log p(zz|2p, A) = 5 log(2mo,0p\) +
< %log(%’o?) +

with the inequality following from Lemma 6, and the last
inequality in (45) holds due to Lemma 14.



Nonmyopic e-Bayes-Optimal Active Learning of Gaussian Processes

Substituting (45) back into (44),

~ o~ O,
HIZ,|2p] - B Z.|2p] < 1og<> | ptalen) d,
On EZ“'IZ?

2 2N 2 T
+ O(On (N?:*N7 4+ 07) exp(—zag
(46)

By Lemma 6, since o, > oy, log(o,/0,) > 0. Using

Lemma 12,
log<00>/ p(2z]2p) dzy
On \zz\>?

<2log To)g( L
On Oo

0o Oo 7'2 (47)
§ 2 log 0’7 7 exp _ﬁ
n [e}

where the second inequality follows from the Gaussian tail
inequality (42), and the last inequality holds due to 7 >
1. Finally, by substituting (47) back into (46), Lemma 15
follows.

Lemma 16 Forall zp, z € X \D,n=1,...,N,v >0,
and T > 1,
|Qr (2D, 2) — Qu(2zp,z)| <

N22N 4 52 . 2
O(UOT(H;_UO + N log U——Hog |A|)exp(— T 2))
oz On 202

where @n(zD, x) is previously defined in (16). By setting

2 /N2x2N L 52
T= O(UO\/log((:’<M+Nlog — +log |A|>)>
Un

Q% (2p, @) — Qu(zp, )| < /2.

Proof. From (6) and (16),

‘Q E —ﬂ[2x|ZD] +

L.

/Ap(zz\zD)AnH(zz,?)dzx

2) = Qu(e, )| < [HIZ|eo)

(zzl2D)Ant1 (24, —T)dzy +

where
An—0—1 Ry — ) é | Z'D U {ZI}) 7,*+1(ZD U { ?})| )
Api1(z,7) £ |V ZD U{z:}) = Vipa(zp U {7}

Using Lemma 10, A, 11 (25, —7) < (N—n)log(o,/0n)+
log|A| < Nlog(o,/0,) + log|Al. By a similar argument,

Apiy1(ze,7) < Nlog(o,/0n) + log |A]l. Consequently,

‘Q* ZD;I - @n(zDaI)‘ S ‘H[ZﬂZD} - I/E_\I[[Z\HZD}‘ +

(Nlog( >+log|A|>/ N p(2z]2p)dze <
2z |>T

N24x2N 2
O(O'OT (M—I—Nlog — +log A|) exp(—T)> :
o2 202

The last inequality follows from Lemmas 15 and 12 and
the Gaussian tail inequality (42), which are applicable since
T>1.

To guarantee that |Q% (2p,2) — Qn(zp, )| < 7/2, the
value of 7 to be determined must therefore satisfy the fol-
lowing inequality:

N22N 2
ao,T (MJerog —2 +log A|)exp< 2T ) <
o2

Un On o

(48)

-2
202)"

o2

where « is an existential constant® such that
@y, (20, ) Qn(ZD, z)| <
N2g?2
ao,T 7+Nlog ——&—log |A| Jexp|—
Un On

By taking log of both sides of (48),
2
-
1
207 2 3 lo8(m) +
2 " N2 2N
log< “70 ( 2” +N10g+logA|))

On

(49)

Using the identity log(7?) < a1? — log(a) — 1 with a =
1/(202), the RHS expression of (49) can be bounded from
above by

72 2\[@0 N2k 2N+J Oo
g—i—log( ey ( = +Nlogan+logA|> .

Hence, to satisfy (49), it suffices to determine the value of
7 such that the following inequality holds:

,J;
q

72 S 72 n
202 T 402
2[&0 N2k 2N+J O,
1 N log — +log |A
B )
which implies
9 2 [ N2x2N 1 52
T > 20,,|log V2003 KTt +N10g—+log|A|
Vey o

N2x2N L 52
= (’)(ao\/log(’y (M—i—Nlog—Hog |A>>>
O-Tl

3Deriving an exact value for a should be straight-forward, al-
beit mathematically tedious, by taking into account the omitted
constants in Lemmas 15 and 16.
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Therefore, by setting

2
T= O(ao\/log<ao + N log 2—|—10g |A|>>>
Y On

Q7 (21, 2) — Qn(2p, )| < /2 can be guaranteed. [

2
On

<N2K2N+ o2

Lemma 17 For all zp and A € A, let A and B denote
subsets of sampling locations such that A C B C X. Then,
forallz € (X \B)U A,

H[Z Au{e} |20, A] = H[Z A|2p, A]
> H[ZBU{x}|ZD7 >‘] - H[ZB|ZD3 A] :

Proof. Ifx € A C B, H[ZAU{x}|ZD7 A —H[Z4|zp,A] =
H[Zpu(a1 |2, A] — H[Zp|2p, A] = 0. Hence, this lemma
holds trivially in this case. Otherwise, if x € X'\ B,

H[Z auw} 2D, A|—H[Z 4| 2D, A]
and

H[Zpu(ay |20, A|-H[Zp|2p, \] = E[H[Z;|2pUZg, A]|2p, A]
from the chain rule for entropy.

Let A = B\ A D 0. Therefore, B can be re-written as
B=AUA where AN A" = () (since A C B). Then,

A

H[ZBU{(I?} |2p, A] — H[Zp|2p, A]

— E[H[Z, |20 U Zs, Al|20, Al

= E[H[ZAZD UZyU Z_A/,/\HZD, )\}
< E[H[Zy |20 U Z.4, |70,

= H[ZAU{I}‘ZD7 )\] - H[ZA|ZD, /\]

where the inequality follows from the monotonicity of con-
ditional entropy (i.e., “information never hurts” bound)
(Cover & Thomas, 1991).

Lemma 18 For all zp and A € A, let S* £
arg maxsc y:|s|=k H[Zs|2p, A]. Then,
H[Z A< -2 (Hz A+
[S*‘ZDv ]_6—1 [S;C\|ZD7 }+?
where r = —min(0,0.5log(2mec?)) > 0 and Sy is the a
priori greedy design previously defined in (28).
Proof. Let S* = {s%,...,s;}and S} £ {s},...,s}} for

i=1,...,k. Then,

ZD,)\] +

2
ZH[ZS*U{S;,...,S;}|ZDM\] —H[Zsygs,..2 3120, Al -
j=1

(50)

s

if 3 € S*, H[ZS*U{SE\,,.-,S;}EZD7)\] —
H[Zs-Us),....0 37D A] = 0. Otherwise, let S £ §* U

s

Clearly,

,87_1 }. Using the chain rule for entropy,

- E[H[ZS?

zp, \| — H[Zg|2p, A]
2pU Zg, M| |20, ]

>E B log(27reafl)

ZD, )\:|
=3 log(27recf?21)

where the last inequality follows from Lemma 11. Com-
bining these two cases and using the fact that r
—min(0,0.5log(2mes?)),

H[Zgu{s?ﬂzp, N —H[Zg|zp, A] > —r,

which, by substituting back into (50), implies

H[Zg+usr|2p, Al 2 H[Zs+|2p,A] —ir . (51)
Equivalently, (51) can be re-written as

H[Zs+|2p,A] S H[Zs.ysr|2p, Al +ir . (52)
On the other hand,

H[Zs.usr2p, Al

k
ZH[ZS,’?‘U{ST7...,S;}
j=1

2D, )‘] - H[ZS,L)‘U{ST,.A.,sjil} ‘ZD7 )\]

k
< HlZgp |20, N + Y, (HlZsropus 120, N — HlZsp |20, M)
=1
= H[Zs:lzp A + (H[ZSiAU{SHZD, A — HZg»| 2, /\])
SES*
< H[Zsa|2p, Al + & (H[ZS?H |20, A] — H[Zg» |2p, )\])

where the first inequality is due to Lemma 17, and the
last inequality follows from the construction of S{\+1(27).
Combining this with (52),

H[Zs+|zp, A] — H[Zsx|2p, A]
< k(H[Zsy, |20, X] — HZsy |, )

1
—i min(O7 B log(27rea,21)> .

Let §; £ H[Zs+|2p,\] — H[Zgx|2p, A]. Then, the above
inequality can be written concisely as

6; < k((sl — 5i+1) +ar,

which can consequently be cast as

1
dip1 < <1_k) 5 +

i

= (53)
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Leti £ [ — 1 and expand (53) recursively to obtain
p =l
&ga%m+E2%dU—i—U (54)

where « = 1 — 1/k. To simplify the second term on the
RHS expression of (54),

-1
Zo/(l —i—1)
i=0
-1 -1
= (l—l)Zai —Zz’o/
i=0 i=0
1—af i
—(Zfl)l_a —;za

=k(l-1)(1—a') =) ia’.

=0

(55)

Then, let v, £ Z:;é io’ and ¢y = 22:1 o,

¢ -1 t—1
Vi1 = Ziai = aZo/(i+ )=« (w +Zai>
=0 i=0 i=0

t—1 t
:Of%'f‘ZOéHl :Oé’)’t+zai =ay + ¢ .
i=0

i=1
(56)
Expand (56) recursively to obtain
-1
Ve =ty + > aly
-1 =0 _
=3 al (k(1— oY) — 1)
i=0
(57

t—1
= Zof (k — kot~ — 1)
i=0

t—1 t—1
= (k- 1)Zai kaatH
i=0 i=0

=k(k—1)(1 —a') — kta!*1.

Lett 21— 1. Substituting (57) back into (55),
-1
dall—i—1)=k(l—-1)—k(k—1)1-a'"").
i=0

Finally, let [ £ k. Substituting the above inequality back
into (54),
op < aFdo +r(k—1)ak 1. (58)

Using the identity 1 —z < e™7,

- () <l D) -

This directly implies

k
o 1
P
o

which subsequently implies

kr

1

or, equivalently,

H[ZS* ‘Z'D7 >\] <

e kr
p— (H[ZSNZD?)‘] + e) .o



