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Abstract information about item features/contexts. In such environ-

We consider a dynamic pricing problem for re-
peated contextual second-price auctions with mul-
tiple strategic buyers who aim to maximize their
long-term time discounted utility. The seller
has limited information on buyers’ overall de-
mand curves which depends on a non-parametric
market-noise distribution, and buyers may poten-
tially submit corrupted bids (relative to true val-
uations) to manipulate the seller’s pricing policy
for more favorable reserve prices in the future.
We focus on designing the seller’s learning policy
to set contextual reserve prices where the seller’s
goal is to minimize regret compared to the rev-
enue of a benchmark clairvoyant policy that has
full information of buyers’ demand. We propose
a policy with a phased-structure that incorporates
randomized “isolation" periods, during which a
buyer is randomly chosen to solely participate in
the auction. We show that this design allows the
seller to control the number of periods in which
buyers significantly corrupt their bids. We then
prove that our policy enjoys a T-period regret
of O(V/T) facing strategic buyers. Finally, we
conduct numerical simulations to compare our
proposed algorithm to standard pricing policies.
Our numerical results show that our algorithm
outperforms these policies under various buyer
bidding behavior.

1 INTRODUCTION

We study the problem of designing pricing policies for
highly heterogeneous items against strategic agents. The
motivation comes from the availability of massive amount
of real-time data in online platforms and in particular, online
advertising markets, where the seller has access to detailed
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ments, designing optimal policies involves learning buyers’
demand (which is a mapping from item features and offered
prices to the likelihood of the item being sold) under lim-
ited understanding of buyers’ behavior. Our key goal is to
develop effective and robust dynamic pricing polices that
facilitate such a complex learning process for very general
non-parametric contextual demand curves facing strategic
buyers.

Formally, we study the setting wherein any period ¢ over
a finite time horizon T, the seller sells one item to buy-
ers via running a second price auction with a reserve price.
The item is characterized by a d-dimensional context vector
x¢, public to the seller and buyers. We consider an inter-
dependent contextual valuation model in which a buyer’s
valuation for the item is the sum of common and private com-
ponents. The common component determines the expected
willingness-to-pay of buyers and is the inner product of the
feature vector and a fixed “mean vector" /3 that is homoge-
neous across buyers; the private component, which captures
buyers’ idiosyncratic preferences, is independently sampled
from an unknown non-parametric noise distribution F'. We
note that such a linear valuation model is very common in
the literature of dynamic pricing; e.g. see|Golrezaei et al.
(2018)); Javanmard and Nazerzadeh| (2016); [Kanoria and.
Nazerzadeh|(2017) and Javanmard (2017)).

Under this interdependent contextual valuation model, we
study a strategic setting where buyers intend to maximize
long-term discounted utility and may consequently submit
corrupted, i.e., untruthful, bids. The motivation of this
strategic setting comes from the repeated buyer-seller inter-
actions when the seller does not possess full information on
buyers’ demand and aims to learn it using buyers’ submitted
bids. In a single-shot second price auction, where there is no
repeated interactions between the seller and buyers, bidding
truthfully is a buyer’s weakly dominant action. However,
this is no longer the case in our repeated second price auc-
tion setting: repeated auctions may incentivize the buyers
to submit corrupted bids, rather than their true valuations,
in order to manipulate seller’s future reserve prices; e.g. by
underbidding, buyers may trick the seller to lower future
reserve prices.

In this work, we would like to design a reserve price pol-
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icy for the seller who does not know the mean vector
B and the noise distribution F'. The policy dynamically
learns/optimizes contextual reserve prices while being ro-
bust to corrupted data (bids), submitted by strategic buyers.
In particular, our objective is to minimize our policy’s re-
gret computed against a clairvoyant benchmark policy that
knows both 3 and F. Designing low-regret policies in our
setting involves overcoming the following challenges: (i)
The demand curve is constantly shifting due to the change
in contexts over time. (ii) The shape of the demand curve is
unknown due to the lack of information on the market noise
distribution F' which may not enjoy a parametric functional
form. Furthermore, we do not impose the Monotone Hazard
Rate (MHRﬂ assumption on F. While the MHR assump-
tion is common in the related literature and can significantly
simplify reserve price optimization (see e.g. Remark [I)), it
has been shown to fail in practice (see |Celis et al.| (2014);
Golrezaei et al.[|(2017)). (iii) As stated earlier, in our strate-
gic setting, buyers may take advantage of the seller’s lack
of knowledge about buyers’ demand and submit corrupted
bids to manipulate future reserve prices.

Main contribution. We develop a policy called Non-
Parametric Contextual Policy against Strategic Buyers
(NPAC-S) that enables the seller to efficiently learn the
optimal contextual reserve prices while being robust against
buyers’ corrupted bids. Our policy design incorporates two
simple yet effective features, namely a phased structure and
random isolation. First, NPAC-S partitions the entire hori-
zon into consecutive phases, and then estimates the mean
vector and the distributions of the second-highest and high-
est valuations only using data from the previous phase. This
reduces the buyers’ manipulating power on future reserve
prices as past corrupted bids prior to the previous phase will
not affect future pricing decisions. Second, the NPAC-S
policy incorporates randomized isolation periods, that is, in
each period with some probability the seller chooses a partic-
ular buyer at random and let her be the single participant of
the auction during this period. In these isolation periods, the
isolated buyer faces no competition from other buyers, and
hence may incur large utility loss if a significantly corrupted
bid is submitted ]

For our main theoretical results, we show that in virtue of
our isolation periods in our design of NPAC-S, the number
of past periods with large corruptions is O(log(t)) for any
period ¢ via leveraging the fact that buyers aim to maxi-
mize their long-term discounted utility. Furthermore, we

'Distribution F* is MHR if £
where f is the corresponding pdf.

%In the isolation periods, when the valuation of the isolated
buyer is greater than the reserve price, significantly underbidding
may cause the item to not be allocated; when the valuation of the
isolated buyer is lower than the reserve price, overbidding results
in the buyer paying much higher prices (relative to valuation) to
achieve the item. In either case, the isolated buyer will incur a
significant utility loss compared to truthful bidding.

is non-decreasing in z,

present novel high probability bounds for our estimation
errors in 3 and F' which are estimated by ordinary least
squares and empirical distributions, respectively, with the
presence of corrupted bids. Finally, in Theoremﬂl, we show
that the NPAC-S policy achieves a regret of O(dv/T) for
general non-parametric distributions F' against a clairvoyant
benchmark policy.

Related literature. Here we discuss related works that
study dynamic pricing against strategic buyers with stochas-
tic valuations, ’|and refer readers to Appendix [A|for broader
related works.

Both |[Amin et al,| (2013 2014) study a dynamic pricing
problem in a posted price auction against a single strate-
gic buyer. Amin et al.|(2013)) addresses the non-contextual
stochastic valuation setting, where as |/Amin et al.| (2014)
studies a linear contextual valuation model, but with no
market noise disturbance. |/Amin et al.| (2014) proposes an
algorithm that achieves O(T'%/3) regret in contrast with our
regret of O(v/T) using the NPAC-S policy. We point out
that this is because the seller in their setting only observes
the outcome of the auction (i.e. bandit feedback), while in
our setting we assume that seller can examine all submit-
ted bids. Our setting is more complex compared to |Amin
et al.[ (2013} 2014) as we handle the contextual pricing prob-
lem against multiple strategic buyers, and also deals with
the issue of learning a non-parametric distribution function
in the presence of strategic buyer behavior. [Kanoria and
Nazerzadeh| (2017) consider a contextual buyer valuation
model similar to ours (but with the MHR assumption on the
market noise distribution) and proposes a pricing algorithm
that sets personalized reserve prices for individual buyers.
They argue that the design of their algorithm induces an
equilibrium where buyers always bid truthfully, and then
further assume buyers act according to this equilibrium. Our
work distinguishes itself from two aspects. First, setting per-
sonalized reserve prices in|Kanoria and Nazerzadeh| (2017)
rely crucially on the MHR assumption, and in this paper we
relax this assumption such that our methodology works for
a larger class of market noise distributions. Second, we con-
sider more general buyers who do not necessarily play any
equilibrium and are forward looking. |Golrezaei et al.|(2018))
study a similar interdependent contextual valuation model
to ours, but with heterogeneous mean vector  across agents.
Our work distinguishes itself from |Golrezaei et al.| (2018) in
two major ways. First, they focus on optimizing contextual

3The general theme of learning in the presence of strategic
agents or corrupted information has also been studied in other ap-
plications; see, for example, [Chen and Keskin|(2018); Birge et al.
(2018); |[Feng et al.[(2019). There are also related works that study
adversarial buyer valuations. For example, Drutsal (2019)) studies
the seller’s pricing problem for repeated second-price auctions fac-
ing multiple strategic buyers with private valuations fixed overtime.
In addition, buyers in this work also seek to maximize cumulative
discounted utility. The paper proposes an algorithm that achieves
O(loglog(T")) regret for worst-case (adversarial) valuations.
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reserve w.r.t. the worst-case distribution among a known
class of MHR market noise distributions. In contrast, our
work relaxes this constraint and does not require the seller
to have any prior knowledge on the possibly non-parametric
distribution. Second, in their setting, the seller only utilizes
the outcome of the auctions to learn buyer demand and re-
sults in a regret of O(T?%/ 3)H In our work, we exploit the
information of all submitted bids by taking advantage of the
fact that buyers’ utility-maximizing behaviour constrains
their degree of corruption on bids. This eventually allows
us to achieve an improved regret of O(v/T). Nevertheless,
our proposed algorithm cannot not handle heterogeneous
B’s, and hence this will be an interesting future research
direction. |Drutsa) (2020) studies the posted price selling
problem against a strategic agent with a non-linear (stochas-
tic) contextual valuation model that satisfies some Lipschitz
condition with no additive noise.

We summarize some key differences in the settings/results
of the aforementioned works in Table

2 PRELIMINARIES

Notation. For a € NT, denote [a] = {1,2,...,a}. For
two vectors x,y € R?, denote (x, %) as their inner product.
Finally, T{-} is the indicator function: I{.A} = 1 if event A
occurs and 0 otherwise.

We consider a seller who runs repeated second price auctions
over a horizon with length 7 that is unknown to the seller.
In each auction ¢ € [T'], an item is sold to N buyers, where
the item is characterized by a d-dimensional feature vector
2, € X C{r € RY: ||2|loo € Tmax} Where 0 < 2oy <
0o. We assume that z; is independently drawn from some
distribution D unknown to the seller. We define ¥ as the
covariance matrix of distribution D] We assume that ¥ is
positive definite and unknown to the seller, and define the
smallest eigenvalue of X to be \g > 0.

Buyer valuation model. We focus on an interdependent
valuation model where the valuation of buyer ¢ € [N] at
time ¢ € [Tis given by v, ; = (B8, x:) + €;,. Here, 5 is
called the mean vector and is fixed over time and unknown
to the seller, while ¢; ; is idiosyncratic market noise sampled
independently over time and across buyers from some time-
invariant distribution F' with probability density function f,
both unknown to the seller. Furthermore, F' has bounded
support (—€max, €max), i Which its probability density

“A recent work [Deng et al.| (2019) builds on the result of |Gol-
rezael et al| (2018) by considering a stronger benchmark that
knows future buyer valuation distributions (noise distribution and
all the future contextual information). They design robust pric-
ing schemes whose regret is O(T5/ 5) against the aforementioned
benchmark, confirming the generalizability of pricing schemes in
Golrezaei et al.| (2018).

SThe covariance matrix of a distribution P on R is defined as
Epmplzz'] — pp', where pp = Eqpop|[x].

function is bounded by ¢y = sup,¢i_, . . 1f(2) >
inf.ci_c...eman] f(2) > 0. The support boundary €y is
not necessarily known to the seller. We assume there exist
Umax > 0 so that v; 4 € [0, Umax] forall ¢ € [N], ¢ € [T]].

We highlight that our setting does not enforce distribution F’
to be parametric nor to satisfy the MHR assumption. This
is because via analyzing real auction data sets, it has been
shown that the MHR assumption does not necessarily hold
in online advertising markets (Celis et al.| (2014); |Golrezaei
et al.[|(2017).

Repeated contextual second price auctions with reserve.
The contextual second price auction with reserve is de-
scribed as followed for N > 2 buyers: In any period
t > 1, a context vector z; ~ D is revealed to the seller
and buyers. The seller then computes reserve price r,
while simultaneously each buyer ¢ € [N] forms individ-
ual valuations v;; and submits a bid b;; to the seller.
Let i* = argmax;c|y)b; ¢ be the buyer who submitted
the highest bid[] If bj»+ > 7¢, the item is allocated to
buyer ¢* and he is charged the maximum between the re-
serve price and second highest bid, i.e. buyer i* pays
Pix ¢ = max{ry, max;,;« b; . }. For any other buyer i # i*,
the payment p; ; = 0. In the case where b;» ; < 7, the item
is not allocated and all payments are zero.

Here, the seller’s reserve price 7 can only

depend on x; and the history set H;_ =
{(r1, {bi 1 bieinyy w1)s -5 (Pe—1, {bie—1 bie vy Te—1) }
which includes all information available to the seller up to
period t — 1.

Buyers’ bidding behavior. In the setting where buyers are
strategic, we assume that in any period ¢, each buyer ¢ € [N]
aims at maximizing his long-term discounted utility U; ;:

T
Ui == > 0 Ev wir—pis (1

T=t

where 7 € (0, 1) is the discount factor, w; ¢ € {0, 1} indi-
cates whether buyer ¢ wins the item; the expectation is taken
with respect to the randomness due to the noise distribu-
tion F', the context distribution D, buyers’ bidding behavior,
and the seller’s pricing policy. We point out that this dis-
counted utility model illustrates the fact that buyers are less
patient than the seller, and is a common framework in many
dynamic pricing literature; see |Amin et al.| (2013} 2014);
Golrezaei et al.| (2018)), and [Liu et al.| (2018). The moti-
vation lies in many applications in online advertisement
markets wherein the user traffic is usually very uncertain
and as a result, advertisers (buyers) would not like to miss
out an opportunity of showing their ads to targeted users.
An alternative interpretation for the above discounted utility
model is that each buyer has probability n of leaving the

"No ties will occur since we assume that no valuations and bids
are the same.
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Table 1: Summary of settings and results for seller algorithms that sell against strategic agents with stochastic valuations.
Note that the Discount util. column indicates whether the algorithm deals with buyers who discount their long-term
utilities. Note that HO-SERPKanoria and Nazerzadeh| (2021) and SCORP |Golrezaei et al.|(2018)) set personalized reserve
prices for each buyer, whereas NPAC-S sets a single reserve for all buyers. PELS in [Drutsa) (2020) learns a non-linear
contextual valuation model and hence yields larger regret. Among all algorithms, only SCORP |Golrezaei et al.| (2018))

handles heterogeneous /3 across buyers.

Algorithm #buyers Context Noise/value dist.  Discount util. Regret
Phased |/Amin et al.| (2013) 1 False Lipschitz True Sublinear]
LEAP | Amin et al.[(2014) 1 True  No additive noise True O(T?/3)
PELS |Drutsal (2020) 1 True  No additive noise True O(T (d+1)
HO-SERP [Kanoria and Nazerzadeh| (2021} > 2 True MHR False (’)(\/T)
SCORP |Golrezaei et al.[(2018) >2 True MHR True O(T?/3)
NPAC-S (this work) >2 True Non-parametric True OWT)

repeated auctions, and thereby the expected cumulative util-
ity of each bidder is exactly Eq. (I). It is worth noting that
Amin et al.|(2013) showed, in the case of a single buyer, it
is not possible to obtain a no-regret policy when n = 1, that
is, when the buyer is as patient as the seller.

Furthermore, we assume buyers corrupt their true valuations
in an additive manner:

Vi € [N],t € [T]

Here, a; ; is called the degree of corruption, and we refer to
the buyer behavior of submitting abid b; ; # v; ¢ (i.e., a;+ #
0) as “corrupted bidding”. Note that when a;; > 0, the
buyer shades her bid, and when a; ; < 0, the buyer overbids.
Essentially, a buyer ¢’s strategic behavior is equivalent to
deciding on a non-zero value of a;,. In this work, we
impose no restrictions on the degree of corruption a; ; for a
buyer ¢ in period ¢ other than it is bounded. E]

3 BENCHMARK AND SELLER’S
REGRET

The seller’s revenue in period ¢ € [T7] is the sum of total
payments from all buyers, and the expected revenue given
context z; € X and reserve price 7 is

revy(ry) := E[ Z Dit :vmt},
i€[N] 2
where p;; = max{b; ,r }I{b; s > max{b;“,rt}}.

Here, b; and b;" are the second-highest and highest bids in
period t, respectively; the expectation is taken with respect
to the noise distribution in period ¢ and any randomness
in the reserve price r; as well as bid values submitted by
buyers in period t (as buyers’ bidding strategies may be
randomized).

8A bound for the degree of corruption is natural as buyers
always submit non negative bids and all bids are bounded by vimax-.

bit = Vit — a; ¢+ where |a;¢| < amax -

The seller’s objective is to maximize his expected revenue
over a fixed time horizon 7' through optimizing contextual
reserve prices r; for any ¢ € [T]. To evaluate any seller
pricing policy, we compare its total revenue against that of
a benchmark policy run by a clairvoyant seller who knows
the mean vector 3 and the non-parametric noise distribution
F'. This clairvoyant seller’s benchmark policy sets the “opti-
mal” contextual reserve price in each period to obtain the
maximum achievable revenue max, rev;(r) in each period,
and hence facing such a seller there will be no incentive
for buyers’ to corrupt their bids. To provide a more formal
definition for the revenue of the clairvoyant seller as well as
“optimality” in contextual reserve prices, we rely on the fol-
lowing proposition that characterizes the seller’s conditional
expected revenue when buyers bid truthfully.

Proposition 1 (Seller’s Revenue with Truthful Buyers).
Consider the case of N > 2 buyers who bid their true
valuations, i.e., v;y = b4 for any i € [N] and t € [T).
Conditioned on the reserve price vy and the current con-
text x; € X, the seller’s single period expected revenue in
Equation (2)) is

/OO dF~(2) + (B, 1) +/O” F(x— (8, 2.))dz

— 00

— 1 (FT(ry = (B,21)))

where for any z € R, F~(z) := NFN71(2) — (N —
1)FN(2) and F+(z) := FN(2).

3)

The proof for this proposition is detailed in Appendix [B] In
Proposition[1] 77 () and '~ (-) are the cumulative distribu-
tion functions of € := v;” — (B, x;) and €; = v; — (B, )
respectively, where v;" and v;  are the highest and second
highest valuations in period ¢ € [T]].

In light of Proposition[T} we define the benchmark policy of
the clairvoyant seller as followed,

Definition 1 (Benchmark Policy). The benchmark policy
knows the mean vector 3 and noise distribution I, and sets
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the reserve price for a context vector x € X as

r*(x)

= argmax/y F~(z— (B, 2))dz —y (FT(y — (B,2))) .
0

y=>0

“)

Therefore, the benchmark reserve price in period t, denoted
by ry, is r*(x¢), and the corresponding optimal revenue,
denoted by REV}, is equal to

[e’s) T*(Tt)
/ zdF‘(z)—l—(ﬁ,xt)—i—/O F(z — (8,))dz

= () (FF(r(2) = (8,0)) -

Remark 1. When distribution F satisfies the MHR assump-
tion, the objective function of the optimization problem in
Equation is unimodal in the decision variable y, and
according to|Golrezaei et al.|(2018), *(x) can be simplified
as follows: r*(x) = argmax,>o y(1 — F(y — (5, ))). In
words, the MHR assumption decouples the reserve price op-
timization problem for multiple agents to the much simpler
monopolistic pricing for each individual agent.

We observe this benchmark provides an optimal mapping
from the feature vector x; to reserve price r*(x;), which
remains unchanged over time as the mean vector /3 and noise
distribution F' are time-invariant. This echoes our earlier
point that pricing is challenging in our contextual setting
since we would need to approximate or learn the optimal
mapping 7*(-), whereas in non-contextual environments it
is sufficient to learn a single optimal reserve price value.

We now proceed to define the regret of a policy 7 (possibly
random) when the regret is measured against the benchmark
policy. Suppose that in any period ¢, policy 7 selects reserve
price r{. Then, the regret of policy 7 in period ¢ and its
cumulative T-period regret are defined as:

Regret™ (

= Y E[REV] -

te[T)

reve(ry)] , %)

where the optimal revenue REV7 is given in Definition
and the expectation is taken with respect to the context
distribution D as well as the possible randomness in the
actual reserve price r7. Our goal is to design a policy that
obtains a low regret for any 3, F', and context distribution
D.

4 THE NPAC-S POLICY

In this section, we first propose a policy called Non-
Parametric Contextual Policy against Strategic Buyers
(NPAC-S) to maximize seller’s expected revenue in our
strategic setting. Then, we provide insights into how our

design in NPAC-S makes the policy robust to buyer strategic
behavior, and in turn allows the policy to learn the mean
vector ( and noise distribution F’ efficiently. Finally, we
present theoretical regret guarantees for NPAC-S against the
clairvoyant benchmark described in Definition [T] that sets
the optimal contextual reserve price defined in Equation (@).

The NPAC-S policy. The detailed NPAC-S policy is shown
in Algorithm |1} and consists of three main components. (i)
Phased Structure: NPAC-S partitions 7" into consecutive
phases, where each phase ¢ > 1, denoted as F, has length
T1-2"". This implies |E1| = VT and |E,|/\/[Ee_1] =
V/T. Here, we can establish that the total number of phases
can be upper bounded by [log,(log,(T))] + 1. (ii) Esti-
mation for 8, F~ and F*: At the end of each phase,
NPAC-S uses the submitted bids from the pervious phase
and employs Ordinary Least Squares (OLS) and empirical
distributions to estimate the mean vector 3 as well as F,
respectively. (iii) Random isolation: NPAC-S incorporates
random isolation periods in which a single buyer is chosen
at random, and the item is auctioned to this isolated buyer
(i.e. the seller only considers the bid of the isolated buyer
and ignores bid from other buyers)ﬂ Note that when a buyer
1 is isolated, the buyer wins the item if and only if his bid
is greater than the reserve price, and pays the reserve price
if he wins. Here, the seller’s pricing policy is announced to
all buyers (at ¢ = 0) so that buyers examine the policy and
have the freedom to adopt any bidding strategy to maximize
their long term discounted utility.

Remark 2. Here, we comment on how one can solve the
reserve price optimization problem in Equation (). The
key observation is that for any period t, Fe( ) is a step
Sfunction with jumps at points in the finite set Cy := {b; ; —
<Bg, Tr)}ie[N],reB,_,- This implies that in order to solve
for ¢ in Equation (7), it suffices to conduct a grid search
for ¥y € Cqy. More specifically, we let {20, 2V . (M)}
be the ordered list (in increasing order) ofall elements in
CoU{0}, where 2(0) := 0 and M := |C| (here, we assumed
that 0 ¢ Cy without loss of generality). Hence, r is equal to

m

F (29 — (B, 2)) - (z) — 2U~1)
=1

(m)F+(

arg max
me [M]

<B€7 117t>)

This shows that the complexity to solve Equation ([7) is
O(M?). More detailed discussions and efficient algorithms
regarding related problems can be found in\Mohri and Med;
inal (2016)).

The seller discloses her commitment to the random isolation
protocol to all buyers at ¢ = 0, and it is not necessary for the seller
to reveal, during an isolation period, which buyer is being isolated.

“For a matrix A, A’ represents its pseudo inverse, so if A4 is
invertible, we have AT = A=, In LemmaE]of Appendix we
show that with high probability x-x, is positive definite, and
hence invertible.
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Algorithm 1: Non-Parametric Contextual Policy against
Strategic Buyers (NPAC-S)

1: Initialize B; = 0, and F (2)

2: for phase ¢/ > 1 do

3: fort € E; do

4: Isolation: With probability 1/|E,
uniformly at random and offer price

= F'(z) =0forVz € R.

, choose one buyer

ri ~ Uniform(0, Umax) - (©6)

5: No Isolation: With probability 1 — 1/| E¢|, set reserve
price for all buyers as

Yy —~
7t = arg max F, (z— {Be,x¢))dz
‘ & y€[0,vmax] /(] ¢ ( </BZ t>) (7)
—y-Ff (y— (B, ).
Observe all bids {bi:};cn

end for
Update estimate of the mean vector (3: E]

(> wrz)T (D arbr), ®)

TEE), TEE,

oSN

Bes1 =

where br = 5 37,y bi,r-
9: Update the estimate of '+ and F'~:
NPA“ZXII(Z) —(N - 1)1?2111(2)
F\gjj_l(z) .

F\ljrl (2) =

~ 9
FZH(Z) =

where Fyy1(2) is defined as

| Z Z 17' 5€+17$T><Z)

TEE, i€[N]
(10

Fe+1

10: end for

Motivation for design of NPAC-S. Here we provide some
insights into the design of the NPAC-S policy, particularly
the phased structure and the incorporation of random isola-
tion periods.

Due to the phased structure of the algorithm, our estimates
for B, F~, and F'™ only depend on the bids and contex-
tual features in the previous phase. Thus, corrupted bids
submitted by buyers in past periods will have no impact on
future estimates as well as pricing decisions. One can think
of this as erasing all memory prior to the previous phase
and restarting the algorithm, which can potentially reduce
buyers’ manipulating power on our estimates and reserve
prices.

We now discuss the impact of having isolation periods. As
all buyers are aware of the randomized isolation protocol,
the presence of isolation periods restricts buyers from sig-
nificantly corrupting their bids too often as by doing so they
may suffer a substantial utility loss when they are isolated.

To illustrate this point with an example, compare the follow-
ing scenarios: (i) if there are no isolation periods, a buyer
having the lowest valuation among all buyers may submit a
bid by adding large corruption, but still ending up not being
the second highest or highest bidder. Assuming that other
buyers bid truthfully, such a scenario will not lead to any
changes in utility of any buyer, but introduces a large outlier
to the set of data points used in our estimations. In words,
when no isolation occurs, buyers may be able to distort the
seller’s learning process without facing unfavorable con-
sequences; (ii) during an isolation period when a buyer is
isolated, corrupting her bid may perhaps result in significant
utility loss, e.g., losing the item by underbidding when her
true valuation is greater than the reserve price, or winning
the item by overbidding when her true valuation is less than
the reserve price. Therefore, randomized isolation incen-
tivizes utility-maximizing buyers to reduce the frequency of
corrupting their bids. Mathematically, we characterize this
statement in the following Lemma [I]

Lemma 1 (Bounding number of significantly corrupted
bids). Fori € [N] and phase ¢ > 1 define

1
Si =qte Ey:|aj] > —
N { (4 | 7t| |E | } (11)
= 10g (Viax N | Ee|* = 1) /log(1/n) ,

where S; ¢ is the set of all periods in phase Fy during
which buyer i significantly corrupts his bids. Then, we
haveP(\SLA > Ly) < 1/|E@|.

The proof of this lemma is shown in Appendix[C.1]

Bounding the regret of NPAC-S. Here, we first present the
regret of NPAC-S. Then we introduce several key results
that are crucial to proving the regret bound of NPAC-S and
also comment on how they resolve challenges that arise due
to buyers’ strategic behavior.

Theorem 1 (Regret of NPAC-S Policy). Suppose that
the length of the horizon T > max{( m“‘) .9}
where M3 is the minimum eigenvalue of covari-
ance matrix . Then, in the strategic setting, the
T-period regret of the NPAC-S policy is in the order 1of
O(cf\/dN3 log(T) - log (log(T)) (VT + 7W))

log(1/m)
where regret is computed against the benchmark policy in

Definition [I| that knows the mean vector [3 and noise dis-
tribution F'. Here, recall cy = sup,e_., . 1f(z) >0
where f is the the pdf of F.

Remark 3. The proof of this theorem is presented in Ap-
pendix|Q In the regret of NPAC-S, the factor 1/log(1/n)
serves as a worse case guarantee for the amount of cor-
ruption that buyers’ can apply to their bids throughout the
entire horizon T. As buyers get less patient, i.e., as 1 de-
creases, buyers are less willing to forgo current utility in
the current period. Thus, in the presence of randomized
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isolation periods, impatient buyers are less likely to signifi-
cantly corrupt bids, which translates into lower regret. The
log(log(T)) factor corresponds to the information loss due
to the policy’s phased structure, which “restarts” the algo-
rithm at the beginning of each of O (log(log(T"))) phases
and relies only on the information of the previous phase.

The regret of NPAC-S can be decomposed into two parts:
(i) the estimation errors in 3, '~ and F'*, which result
in the posted reserve price r; deviating from the optimal
reserve price r7, and hence incur a revenue loss compared
to the clairvoyant benchmark; and (ii) the revenue loss due
to allocation mismatch in the auction outcome because of
buyers’ strategic bidding behaviour. Here, allocation mis-
match refers to the phenomenon where a bidder would have
won (lost) the auctioned item had she bid truthfully, but
instead lost (won) the item as she submitted a corrupted bid
in reality.

We first comment on several challenges with respect to
bounding the estimation errors in 3, F'~ and F'". First, the
OLS estimator and empirical distributions to estimate the
mean vector and distributions F'~ and F't, respectively are
extremely vulnerable to corrupted data (outliers), and hence
standard high probability bounds are invalid for our setting.
Additionally, there exists a complication in terms of bound-
ing the estimation errors in F'~ and F'* because estimation
errors for B will further propagate into the estimation er-
rors in F' and consequently impacting the estimates for F'~
and F'T. To illustrate this point, consider the ideal scenario
where all bids are truthful (i.e. v; s = b;; forall i € [N] and

<§Z¢$T>

in the expressions for Fy(-) are not realizations of ¢; » due

t € [T]). Even in this scenario, the terms v; , —

to estimAation errors in the mean vector 3. Hence, the es-
timate Fy(- ) evaluated at any point z € R is biased, i.e.
E[Fy(z— <ﬁg, 2:))] # F(z — (Bes1, x1)). Furthermore, the
estimates F () and 13[ (+) are evaluated at points which

may be random variables since B\g is a random variable that
depends on the history of the previous phase.

In light of such challenges in bounding estimation errors,
as one of our main contributions, the following Lemma 2]
provides good estimation error guarantees for 3, '~ and F'*
in the presence of corrupted bids and the aforementioned
error propagation phenomena.

Lemma 2 (Bounding estimation errors in 5, F'~ and
F%). For any phase E,, with probability at least 1 —

O (1/|Ex), thef(()‘llo‘v;/mg events hold: (i) ||6g+1 Bl =
log(|E
O(m + 10g(g1/77[\Ee|) z+1(2) -
- N~ log(|E,
Fo() = O(f= + fgthffil) and |Ffa () -

N log(| E¢|) ). Here, recall the dis-

Ft(z)] = (ﬁ + Tog(1/mIE]

count factorn € (0, 1).

We refer readers to Lemmad]and Lemma 5]in Appendix[C.3]

for more detailed statements on our high probability bounds
regarding estimation errors in 3, '~ and F'T.

In addition to inaccurate estimates for 3, F'~ and F't, the
allocation mismatch phenomenon due to strategic bidding
also contributes to the regret of NPAC-S. For example, sup-
pose that the highest valuation is greater than the reserve
price. In that case, if buyers were truthful, the item would be
allocated and the seller would gain positive revenue. Now,
if buyers shade their bids, the auctioned item may not get
allocated, resulting in zero revenue for the seller. In the
following Lemma [3] we show that the number of alloca-
tion mismatch periods for each buyer is bounded with high
probability.

Lemma 3 (Bounding allocation mismatch periods). Define
the following two sets of time periods:

fo={t€Ey vy > Dy, by <D} and
Cr={t€ Ey:viy <Dy, by > Dy}

where Dy

12)

= max{bfi7t, Tt}

Here, b* Zi¢ s the highest among all bids excluding that
submitted by buyer i, and T, is the reserve price of-
fered to all buyers if no isolation occurs (defined in
Equatlonlg?l) Then, for Bi, = B, U B7, we
have P (|B; 0| <2L¢+4cy +8log(|Ee])) > 1 —
4/|E,|, and Ly is defined in Equation ([I). Here, the
probability is taken with respect to the randomness in

{(z7, i, @i 7) Y re By ic[N)-

Note that B; , represents the set of all periods in phase ¢
during which buyer 7 should have won the item if she bid
truthfully, but in reality lost due to shading her bid (i.e.
allocation mismatch due to shading), while similarly 57,
is the periods of allocation mismatch due to overbidding.
Therefore, B; ¢ := B; ,U B, can be interpreted as the set of
all periods in phase l When an allocation mismatch occurs
for buyer ¢. The detailed proof is provided in Appendix|[C.2]

NPAC-S against Truthful Buyers. Here, we make a
remark that in a hypothetical world where buyers are truth-
ful (i.e. v;+ = b; ; or equivalently the degree of corruption
a;; = 0foralli € [N],t € [T}]), our proposed NPAC-S pol-
icy achieves a regret of O(cy+/dN3T log(T') - loglog(T))
compared to the clairvoyant benchmark policy in Definition
[T} Intuitively, this is easy to see because the set of all periods
in phase F, during which a buyer ¢ significantly corrupts
his bids, namely S; ¢ defined in Lemma[T] will be empty.
As a result, there will be no allocation mismatch periods,
and the 1/log(1/n) terms in the estimation errors in 3, F'~,
F7* will vanish (see Lemma . The proof for the regret
bounds of NPAC-S against truthful buyers would thus be a
simplification to the proof of Theorem |1} and hence will be
omitted.
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S NUMERICAL STUDY

Here, we present numerical simulations to compare the
performance of NPAC-S with several baseline seller poli-
cies. In particular, consider the following baseline poli-
cies: (i) NAIVE which always sets a O reserve price; (ii)
CONTHEDGE which runs an independent version of the
HEDGE algorithm for every distinct context vector (see an
introduction of HEDGE for the adversarial multi-arm ban-
dit problem in|Auer et al.|(1995))). The “arms” of HEDGE
correspond to potential reserve price options. Note that
HEDGE is a special case of the well-known EXP3 algo-
rithm which is a simple off-the-shelf algorithm that not only
has good theoretical guarantees, but has also been applied
(or its variations/generalizations have been adopted) in many
areas in online advertising (see e.g. Zimmert and Seldin
(2019); Balseiro and Gur| (2019); Han et al.| (2020)). (iii)
HO-SERP, which sets personalized reserve prices for each
buyer using “rolling window” estimates of 5 and F’ w.r.t
other buyers’ submitted bids (see |[Kanoria and Nazerzadeh
(2021)). Here we consider HO-SERP as a baseline because
among all seller algorithms in related works that study pric-
ing in a contextual, stochastic, and strategic buyer setting
similar to ours (see Table E]), HO-SERP achieves nearly the
best theoretical performance. Note HO-SERP requires the
noise distribution to be MHR.

To model buyers’ strategic behavior, instead of restricting
buyers to bid according to a specific strategy to maximizes
long-term discounted utility, we instead mimic the outcome
of some general class of such strategies (parameterized by 1)
via randomly selecting periods over the entire horizon and
have buyers significantly corrupt bids in these periods. We
will refer to these randomly selected periods as corruption
periods. When this randomization procedure is repeated
over many trials, we believe the average bidding outcome
would serve as a relatively accurate approximation to the out-
comes of a general class of strategies for utility-discounting
buyers. Furthermore, inspired by Lemma|[I] which suggests
that the number of periods when a buyer significantly cor-
rupts her bid is bounded, we let the selected number of
corruption periods be L, defined in Equation . Note
that L, is increasing in 7 and represents the fact that more
patient buyers (i.e. larger 1) value long term utility more
and hence would be willing to corrupt bids more frequently
with the aim of achieving higher future utility.

Out detailed experimental setup is as followed. We consider
a horizon of length T' = 5,000, N = 2 buyers, context vec-
tors of dimension d = 4, viax = 10 and vy,;, = 0. For each
n € {0.2,0.4,0.6, 0.8}, repeat the following procedure for
n = 50 trials, each including 7" periods:

For each phase Ey (¢ > 1), []E] sample L, corruption periods

1%For fixed T, since length of phase ¢ > 1 is T1’2_k, in our
case when 7' = 5,000 we have 4 phases whose phase lengths

uniformly at random. Then, regarding buyer’s valuations,
we generate 3 € [0, 1]¢, where each entry is sampled in-
dependently according to a uniform distribution on [0,1],
i.e., U(0,1). We further normalize 5 with the sum of all
entries so that ||| = 1. We then generate 10 distinct
contexts vectors X = {X7},c(1q], where each entry for
any distinct context vector is sampled independently from
U (Umax | 2Umax) Then, for every period ¢ € [T, sample
uniformly at random from X', and sample ¢, ; for all ¢ € [N]
independently from U (f max | Do ) Note that our con-
struction guarantees v;; = (8,%) + €t € [Vmin, Vmax]»
and the noise distribution is uniform which satisfies the
MHR assumption (so the application of the HO-SERP is
valid). If ¢ is a corruption period, we let buyers submit a bid
of value 0 to model the behavior of significant bid-shading;
otherwise, we let buyers bid their true valuations

For comprehensiveness, we also consider the truthful setting
by repeating the above valuation generation procedure for
another n = 50 trials and have buyers always submit their
true valuations. Finally, for each of the aforementioned tri-
als, we run the NPAC-S as well as other baseline algorithms
independently and simply record the realized revenue of
each algorithm across all repeated auctions.

We report the average per-period revenue loss compared to
the benchmark policy (Definition [I)) for each algorithm in

Figure[T]

We observe that our proposed NPAC-S algorithm not only
outperforms CONTHEDGE in all settings consistently by a
3% ~ 4% and NAIVE in the truthful setting by 6% ~ 7%,
NPAC-S also generally yields more stable outcomes as mea-
sured by the standard deviation of per-period revenue loss
across n trials. Compared to HO-SERP, NPAC-S slightly
outperforms HO-SERP in the truthful setting and for n =
0.2, 0.4, 0.6. Nevertheless, we point out that our experimen-
tal setting inherently favors HO-SERP since performance
guarantees of this algorithm relies on the noise distribution
being MHR, which is the case for our uniform noise. More-
over, the comparison with HO-SERP also demonstrates the
advantages of NPAC-S from a practical viewpoint, since
NPAC-S, unlike HO-SERP, sets a single reserve price for
all buyers and still matches or improves upon the perfor-
mance of HO-SERP.

are 70,594, 1724, 2612, respectively, where the last phase is trun-
cated.

"'We remark that our numerical experiments focus on buyers’
bid-shading behavior. This is mainly because empirical studies
found that shading is prevalent in repeated auctions on modern on-
line advertising platforms and theoretical works have demonstrated
various versions of bid-shading strategies can help buyers achieve
near-optimal performances in a variety of practical settings, such
as buyers being constrained by a limited budget or target return on
investment (see e.g. |[Zeithammer| (2007); |Golrezaei et al.| (2021b));
Balseiro and Gur (2019)).
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Figure 1: Performance comparison with baselines. This
figure displays the average per-period revenue loss com-
pared to the benchmark policy (Definition[I)). Each box plot
corresponds to n = 50 trials. NAIVE is only run for the
truthful setting because buyers will have no incentive to bid
untruthfully when there is no reserve price. CONTHEDGE
is run with“arms” {0, 0.5, 1, ... 10}, where each arm corre-
sponds to a reserve price option.
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Appendices for

Incentive-aware Contextual Pricing with Non-parametric Market Noise

Our Appendix is organized as followed. In Appendix[A] we include an extended literature review that discusses broader
related works. Appendix [B]includes the all proofs of the results in Section [3] Appendix [C|is dedicated to Sectiond] In
particular, Appendix [C] proves Theorem[I| which shows a regret bound for the NPAC-S policy against strategic buyers.

A EXTENDED LITERATURE REVIEW

There has been a large body of literature that considers the problem of non-contextual dynamic pricing with non-strategic
buyers. [Kleinberg and Leighton|(2003) studies repeated non-contextual posted price auctions with a single buyer whose
valuations are fixed, drawn from a fixed but unknown distribution, and chosen by an adversary who is oblivious to the
seller’s algorithm. |den Boer and Zwart (2013); [Besbes and Zeevi| (2009); [Broder and Rusmevichientong| (2012)) study
non-contextual dynamic pricing with demand uncertainty, where they estimate unknown model parameters using estimation
techniques such as maximum likelihood. |Golrezaei et al.|(2021a) considers a seller repeatedly pricing against a buyer who is
subject to budget and return-on-investment (ROI) constraints. (Cesa-Bianchi et al.|(2015) considers the dynamic pricing
problem in non-contextual repeated second-price auctions with multiple buyers whose bids are drawn from some unknown
and possibly non-parametric distribution. In addition, they also consider bandit feedback where the seller only observes
realized revenues instead of all submitted bids. In their non-contextual setup, the seller’s revenue-maximizing price is fixed
throughout the entire time horizon, and the key is to approximate this optimal price by estimating the valuation distribution.
In our setting, however, the optimal reserve prices are context-dependent, which means the seller is required to estimate (i)
the distributional form of valuations and (ii) buyers’ willingness-to-pay that varies in each period according to different
contexts.

Another line of research studies the problem of contextual dynamic pricing with non-strategic buyer behavior. (Cohen et al.
(2016); Lobel et al.| (2018); |Leme and Schneider (2018) propose learning algorithms based on binary search methods when
the context vector is chosen adversarially in each round. |Chen and Gallego| (2018)) consider the problem where a learner
observes contextual features and optimizes an objective by experimenting with a fixed set of decisions. Their tree-based
non-parametric learning policy is designed to handle very general objectives and not specifically tailored to pricing problems.
Thus, in pricing problems, its performance deteriorates as the dimension of the feature vector increases. Javanmard and
Nazerzadeh|(2016)) also considered a contextual pricing problem with an unknown but parametric noise distribution, and
uses a maximum likelihood estimator to jointly estimate the mean vector and distributions parameters. Finally, there
is a recent line of work that considers contextual dynamic pricing with non-strategic buyers and non-parametric market
noise. [Shah et al.| (2019)) studied a dynamic posted price problem where the relationship between the expectation of the
logarithm of buyer valuation and the contextual features is linear, while the market noise distribution is non-parametric. This
logarithmic form of the valuation model allows them to separate the noise term from the context, which makes it possible to
independently estimate the noise distribution and expected buyer valuation. In our setting, however, the context is embedded
within the noise distribution, and our estimation errors in the mean vector 5 will propagate into the estimation error in the
noise distribution, making the learning task more difficult, compared to that in|Shah et al.|(2019). On the other hand, Luo
et al.|(2021); [Fan et al.| (2022)); Xu and Wang|(2022) all study a repeated posted price problem with context and additive
non-parametric noise similar to the buyer valuation model studied in this paper. In addition, these works consider censored
feedback where the seller only observes the binary purchasing decision in each period. Our work distinguishes itself by
considering a multi-buyer setting with strategic behavior.

Finally, our work is also related to the recent literature within the domain of mechanism design and online learning that
adopt methodologies from differential privacy to deal with strategic agents; see, for example, McSherry and Talwar| (2007));
Mabhdian et al.|(2017); |Liu et al.| (2018)).

B APPENDIX FOR SECTION 3: PROOF OF PROPOSITIONI]

Let Q;(-) be the distributions of a buyer’s valuation when we condition on the feature vector x;. Further, let Q; (-) be
the distribution of v, , which is the second highest valuation at time ¢. Then, we have Q:(z) = F(z — (8, 2+)) and
Q; (2) = F~ (2 — (B, ;). When N > 2 and all buyers bid truthfully, according to Equations (2)) , the seller’s expected
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revenue conditioned on z; by setting reserve price r; is:

reve(r;) = E [max{rt,v;}]l{v;r >} | a:t,rt}

13
— E[rtH{U;FZTth;}—f—v;]I{v;rZv; Zrt}|xt,rt} , (13)

where v:r is the highest valuation at time ¢. The first term within the expectation, conditioned on x; and 7y, is
E [rI{vy” > > vp } | 2e,re] = 7N [Qe(re)] N 1 1= Qulre)], (14)

where we used the fact that 7 is independent of v;” and v, since the seller sets reserve price r; based on only the past history
Hi o1 = {(r1,v1,21), (r2,v2,22), ..., (r¢—1,v¢_1,2¢_1)}, and both v;" and v;", conditioned on x;, are independent of the
past. The second term within the expectation of Equation (T3) is

E [vy o > v 2re} |ae,re] = E oy oy 2} |27
= E[(v; —r)l{vy =re} | @e,re] + B oy >} | @,y

_ /Ooo]P’(vt—rt >2)dz+ry [1—Qp (re)]

/Oo 11— Qp ()] d=+ r [1— Qi ()]

= E [vt_ \ a:t,rt] — /rt [1 — Qt_(z)} dz +7; [1 — Qt_(rt)]

0
E [v[ \ xt] +/0 t Q; (2)dz — r:Qy (1) . (15)

Note that the integration starts from 0 because all valuations are considered to be positive. Since F~ (%) := NFN~1(2) —
(N — 1)FN (%) for any Z € R, we have

Qr (r) = NQ:(ro)]Y T [1 = Qulro)] + [Qe(ro)]™ (16)
Hence, combining Equations (I3)), (T4), (I3), and (I6), we have

reve(re) = E[vp | @] + /0” Qr (2)dz — ¢ [Qe(re)]™

= E[v; |z] + /Ort F~(z— (B,m¢))dz — 1y [FT(ry — (B, 24))]

/Oo AP~ (2) + (B, z2) +/O F (2= {Bya))dz — 11 [F*(re — (B,20))] -

—00

C APPENDIX FOR SECTION4: PROOF OF THEOREMI[II

We first introduce some definitions that we will extensively rely on throughout our proof of Theorem[T} We start off with the
“good” events &1, §,, ; and 5@11 for £ > 1 in which the estimates of 3, F~ and F'" are accurate:

~ 1)
o411 = {5€+1 =Bl < - ‘ } 17)

max

V2d 10g(|EZ|)6maxxr2nax + Vd (NLpamax + 1) xrznax

where §p := , (18)
A3\/N|E,] ||\
- A _ cs+NL
€ = {\Fm(z) - F7(2)| < 2N° (w+cf6e+ W)} ; (19)

~ cr+ NL
5;4.1 = {‘Fet-l(z) _F+(2)‘ < N(’Y@+Cf5e+f|E£e)} ) (20)
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where ayax is the maximum possible corruption, v, = +/log(|E¢|)/+/2N|E¢], A2 is the minimum eigenvalue of covariance
matrix ¥, and ¢y = sup,¢i_e, o1 f(2) 2 I0f.e[ e eman) f(2) > 0. Furthermore,

Ly = log (Ur2naxN|E€|4 B 1) -0 (10g(|Eg)>
log(1/n) log(1/n) )"
where |Ey| = T'~2"" is the length of the ¢*" phase.
We also define the event that the number of periods in phase E, during which buyer ¢ submits significantly corrupted bids is

bounded by Ly:

Gio :=A{|Siel < L} . (21)

Here, S, = {t € Ep:laj| > é—”} is the set of all periods in phase E, during which buyer ¢ extensively corrupts her
bids.

We are now equipped to show Theorem [T]according to the following steps:

(i) Decompose the single period regret into Rgl) and RE2), where Ril) bounds the expected revenue loss due to the

discrepancy between the actual reserve price r; and the optimal reserve price 77 and R§2), which bounds the expected

)

revenue loss due to allocation mismatches. Note that Rgl is a result of the estimation inaccuracies in 3, F~ and F'T.

(ii) Bound Rgl) using Lemmas and@
(iii) Bound REQ) using Lemmas and

(iv) Sum up Rgl) and REQ) to bound the cumulative expected regret over a phase Ey and the entire horizon 7.

(i) Decomposing single period regret into R{" and R(*: According to the NPAC-S policy detailed in Algorithm|1} the
expected revenue in period ¢ is given by

revi(r;) = B |max{b; ,7 }I{b;” > 7 }I{no isolation in ¢} + Z ril{b;y > rf}{iis isolated} | xy, 7| ,  (22)
1€[N]

where the expectation is taken with respect to { (2, €7, ai,r ) } re[s],icn) and 73, v} are defined in Equations @ and
respectively. Hence, the regret is given by
Regret, = E[REV} — revy(r)]
= E [max{v, , 7 }{v;" > rf} — rev(ry)]
= (B [max{v;,r;}{v; > r}}] — E [max{v; 7} I{v;" > 7 }I{no isolation in ¢}])
+ (E [max{v; , 7 }I{v;" > 7 }I{no isolation in ¢} — rev,(r;)])
= RV + R, (23)

where the expectation is taken with respect the context x; ~ D and the randomness in r¢; 7} is the optimal reserve price
(defined in Equation (d)) if the seller has full knowledge of F' and 3; and we defined:

Ril) = E [max{v;, 7 }I{v;” > r}}] — E [max{v; , 7 }I{v;" > 7 }[{no isolation in ¢}]

R == E [max{v; , 7 }I{v;" > 7 }I{no isolation in ¢} — rev(r;)] (24)
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(ii) Bounding Rgl): We start by upper bounding Rgl) for a period t € Eyy1 where ¢ > 1.
Rﬁl) = E [max{v; , 7} I{v;" > r{}] — E [max{v; , 7 }I{v;" > 7, }1{no isolation in ¢}
= E [(max{v; ,r{}I{v;" > rf} — max{v, , 7 }[{v;" > 7 }) I{no isolation in ¢} |
+ E [max{v; ,r; }I{v;" > r}} (1 — I{no isolation in ¢})]

= E [max{v; ,r{}I{v;" > ri} — max{v; , 7} {v; > 74 }] ( |E1ﬂ>

+E [max{v;,r:}ﬂ{v;r >r; }] |E |

< E [max{v; ,r {{v} > ri} — max{o; , 7} {v;} > 7 }] + ng (25)

where the third equality is because an isolation event is independent of any other event, and the final inequality follows from
a simple observation that max{v; , 7 Hi{v;" > 77} < vmax.

For simplicity, we define
ﬁgl) = E |max{v; , rf YI{v;” > r}} — max{v; 7 J{v; > 7} ‘ xt,rt} ,

so Equation (23) yields

S5 VUmax
R < E[RY] + R (26)

where the expectation is taken with respect to the context z; and reserve price 7;. Notice that max{v, ,r; }{v,"
rr} — max{v; , 7 }I{v;" > 7} is exactly the revenue difference rev,(r}) — rev;(r;) had the seller set reserve prices r} or
¢ when all buyers bid truthfully. Hence, by applying Proposition[I] we obtain

R = [ gt (07 G)] - [ G (B0 + R [ (5,00

Note that we can apply Proposition because 7y is the reserve price set according to the NPAC-S policy when no isolation
occurs, and only depends on the current context x; and the past H;—1 = {(r1,b1,21), (r2, b2, x2), ..., (rt—1,bt—1,21—1)}.

By defining y; == (8, 2), J1 := (Bs, ;) and

pr(ry, PO FO) = / FO G —y)dz—r [FO(r—y)] @7)
0

1)

we can rewrite 7€§ as the following:

Rgl) = E |max{v, , 7 }{v;” > r}} — max{v; , 7 }I{v;” > 7} ‘ Jct,?t]
= pi(rt Y, F~  F) = po(Foye, F~, FT)
= pe(r Yy F ) = po(rf G, F~ FF)
+ o} e F F ) = pu(rf B By B 28)
+ (8 T Frpy Fiy) = oo i gy, FL)
+ pt(7t, Ut ¢+17FZ;1) — (P, e, F~,FT)
+ e (P, e, F— F7) = po(Pi,ye, F~F7).

We now invoke Lemma|6, where we show that when events 11, §, ; and &f 7,1 (see definition in Equatlon
and (20) ) happen for some phase ¢ > 1, we have for r € {r{,7;},

(1) |pt(ra yt7F77F+) _pt(r7§taF7aF+)| S 3TCfN255 a.s.
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(i) |pe(r, G, F=, FT) — pe(r, yt7Fé+1’Fi+1)‘ < 3rN? (’V@ +cpde+ CTEZL\Z) G

Note that the first inequality bounds the impact of errors 3 and the second bounds the impact of errors in the distributions.
Applying these bounds in (28), we get

ﬁgl) T{&mné NESL T <30 +7¢) e N6,

o~ cy+ L
+3(r) + 7)) N? (w+cf6g+ fEK)
14

+ pt(r:7§taF[:_17F;:|.1) - pt(?tvi/\tvF[;ngt.l)' (29)

We recall that the seller’s pricing de0151on 7+ when no isolation occurs is defined in Equation (7), and realize that in

fact 7y = arg max, e (o,v,.,] Pt(7 Ui Yt F. +10 F p; +1) So, by the optimality of 73 and 7} < vy, We obtaln the fact that

pt(r;‘,gjt,ﬁzjrl, ﬁ;jrl) pe(Te, U, FI,Jr17 F/+1) < 0. Using this inequality in ( , we get

ﬁgl) ! {§€+1 N 5z_ﬂ n §7+1}

L
6VmaxCf N207 + 6max N2 (w tepop+ L “;; | ¢ )
14

log(|Ee|) | cr+ Le
2N|Ey]| | E|
6Umax /N3 10g(|Ee|)  6vmaxN?(cy + L)
V2L, | B ’

IN

12UmafoN2(55 + 6UmaxN2 (

120maxcy N25p + (30)

where we used the fact that 7},7 < vpax in the inequality. Note that L, = log (v2 N |E¢|* — )/log(%) =
O (log(T")/log(1/m)), since we recall that | Ey| = T1-27"

To complete the bound for Rgl) in period ¢ € E, 1, we continue to bound Equation ||

IN

RV < E [ﬁg”} y fmax

| B

=E {ﬁgl) ! {&H ﬂf[ﬂ mgetrl}} +E [ﬁgl) ! {554—1 U (§Z+1)C U (5Z+1)c}] + T;:T

IN

E {ﬁﬁl) T{&rNé, N &:1}} vmaxP (8641 U (§31) "V (854)) + TE:T

6Vmax\/ N3 log(| Eql) | Umax (6N%(cs + L¢) + 9N + 15d +9)
2E, | E ’

IN

121}maXCfN25g +

€29

where the second inequality follows from a simple observation that ﬁgl) < Umax almost surely, and the third inequality uses

Equation and Lemma which shows P (£5,, U (§,,,) U (&51)°) < (9N +15d + 8)/|Eql,

(iii) Bounding R§2): So far, we have bounded Rgl) fort € Fypq1 (¢ > 1), and will move on to bound R§2) defined in
Equation (23)) for t € E, for any ¢ > 1. We define

b+

— . R )
iy =maxb;, and 0D, = maxuv;g, (32)
J#i J#i

which represent the highest bid excluding that of buyer 7, and the highest valuation excluding that of buyer 7, respectively.
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We then have
’R§2) = E [max{v; ,7}I{v;" > 7, }I{no isolation in t} — rev,(r)]
< E [maX{Ut_, 7 H{v;” > 7 }I{no isolation in t}] - E [max{bt_, r¢ MI{b} > 7 }I{no isolation in t}]
1
= (E [max{v; , 7 }I{v;” > 7}] — E [max{b, , 7 }I{b; >7}]) - (1 _ E|>
¢
< E [max{v; , 7} {v;” > 7} — E [max{b; , 7 }I{b] > 7:}]
= Y E[max{v; ,7}{vis > max{v?, , 7 }} — max{b; , 7 }I{b;; > max{b’, 7 }}]
i€[N]
= > E[max{v; 7 }H{max{v’, .7} < v;s < max{b’, 7 }}]
i€[N]
_ Z E [max{v; , 7 I{max{b", 7} < v;; < max{v’, 7 }}]
i1€[N]
+ Z E [max{v; , 7 }I{vi, > max{b",; 7 }} — max{b; , 7 }I{bi, > max{b", 7 }}]
i€[N]
< Z E [max{v; , 7 l{max{v’, ,, 7} < vy < max{b¥, ,7}}]
i1€[N]
+ > E[max{vy , 7} i > max{b, 7}} — max{b;, 7} {bi, > max{b¥; 7 }}]
1€[N]
= Z Umax[E []I{max{yfi’t,?t} < < max{bfiwtﬁ}}]
i1€[N]
+ Z E [max{v; , 7 }I{v;,s > max{b"; 7 }} — max{b; , 7 }[{b;; > max{b", ,71}}] , (33)
i€[N]

where the first inequality follows from Equation (22)); the third inequality is due to the fact that
Zie[N]E [max{v;,?t}]l{max{bfi7t?t} < Uiy <max{vfi,t,?t}}] > 0; and the last inequality holds because
max{v, ,7t} < Umax. To continue the bound for Equation , we use the definition of B; , := B} , U By, in Lemma 3l
where

is,e = {t S E@ ! {Uz’,t > {bi_i,tﬂ/a\t}} =1 s I {bi,t > {bt@t’?t}} = 0}
’?-,Z = {t S E[ . ]I{'Ui,t > {btz,ﬂ?t}} = 0, ]I{biﬁt > {bti,t’?t}} = 1} .

Here, B; , represents the periods during which buyer ¢ could have won the auction had she bid truthfully but in reality
lost since she shaded her bid (allocation mismatch due to shading), while B7, represents the periods when buyer ¢ would
have lost the auction had she bid truthfully, but instead won the item due to overbidding (allocation mismatch due to
overbidding). Hence, for any period t € Ey/B;y = {t € E;: 1{v;; > {bfi}t,ﬂ}} =1{bis > {b*;,,7}}} (which

means in period ¢ € Ey/B; , the outcome for buyer i would not have changed even if she bid truthfully), we have
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{v; ; > max{b™, " i} =1{bi¢ > max{b_l ¢»Tt}}. Therefore, defining B, := U,c(n)Bi ¢, we have

Rt € E,/By}

= Z UmaxE [[{max{v?, ,, 7} < vip < max{0F, ,7i}}]
1€[N]
i Z . [max{vt_’?t}]l{vi’t > max{bti»t?t}} —max{b; , 7 }I{b; ; > maX{bti,t?t}}] I{t € Ev/B,}
1€[N]
= Z Umax]E [H{max{vi_i7t7ﬂ} <V < max{b'_*‘i)t?t}}]
1€[N]
+ Y E[(max{v; 7} — max{b; ,7}) [{bi s > max{b", ,, 7} }]
1€[N]
< Z UmaxE [H{max{vfi,u?t} < < max{bfi’t,ﬂ}}] +E [max{vt_7?t} _ maX{bt_,ﬂH
1€[N]
< > VmaxE [max{v®, , 7} < viy < max{bT, . 7}}] +E [(v; - b;)+] .
1€[N]

The first inequality follows from Equation ; the first equality follows from the fact that ¢ € E,/By; the second inequality
holds because -, ¢y 1{bi,c > max{bfi,t?t}} < iy Hbie > b‘_"w}} = 1; the third inequality applies the fact that
max{a, ¢} — max{b,c} < (a —b)* forany a,b,c € R. Denoting i* := arg max;c|y] v, we have

Z Umax o [H{max{vfiﬁ?t} < < max{bfi,t, ?t}}]
i€[N]

= UmaxE [H{max{vfi*7t,ﬂ} <vpp < max{bi'i*,t,ﬂ}}]

since I{max{v?, ,, 7} < vi} = 0if i # i*. Therefore

RPUE € Ee/Bi} < vmacE [max{o?,. .71} < viey < max{pt, A} +E (7 —67)7], G4

To bound the first term in Equation (34), we again evoke the inequality max{a,c} — max{b,c} = (a — b)" for any
a,b,c € Rand get max{b?,, ,, 7} —max{v’,. ,, 7} < (bF,., vfi*’t)# Hence,

[H{max{vfi* T < Vg < max{bfi*7t,?t}}]

IA

E H{max{bﬂ* S (O vfi*7t)+ < g < max{bfi*)t,?t}}}

+ .
=E { []I{max{b T} — (2 r Ujl-yt) < g < max{bfi*’t,rt}} ‘ bfi*’t,vfi*,tﬂ

max{b? . , 7} (B.z0)
=E / f(z)dz
max{bt ,  F-(bF, —vt L ) = (B)
< ofE (b -0 ) ] (35)

Now, set j € [N] such that bfz* . = bj. (j # i%), i.e. jis the highest bidder among all buyers excluding 1*. Then
bt + —vt,. +=bjt— vt + < bjt — v = —aj,, where the inequality follows from the fact that v vt + 1s the highest
valuation among all buyers excludmg 7* (which includes j as j # ¢*). Therefore, continuing the bound in Equatlon (33), we
have

E [H{max{vfi*’t,ﬂ} < < max{bfi*’t,?t}}] < cp(—a;)T < ¢ Z —a; )t (36)

To bound the second term in Equation , namely E [(vt_ —b, )1, without loss of generality assume vy ; > vo; >

- > uny. Hence v, = va 4. If bay < b, we have v, — b, < va; — bay = ag . Otherwise if ba ¢ > b, , then buyer 2
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submitted the highest bid, so b; ; < b, for any ¢ # 2 and thus, v; —b; < w1 —b, <wvit— b1 = a1 Hence,

E {(v; — b;)j < max(a;)" < Z (aj)t. 37

Finally, combining Equations (34), (36), and (37), we have for any ¢ € E; and ¢ > 1

RVt € Ee/Be} < vmaxcy Y (—ai) T+ D (ai)T < (Wmaxcr +1) D Jacd] (38)

1€E[N] 1€[N] 1€[N]

iv. Bounding Cumulative Regret: We now bound the cumulative expected regret in a phase Ey ;1 (¢ > 1) via first bounding
1 2 .
ZteEul RE ) and ZteEHl RE ) respectively.

5w

log (1/7)

teEyyq
6Vmax/ N3 log(|E Vmax (6N%(cy + L¢) + 9N + 15d + 9
< Z 1211mafoN25e+ v og(| Z\)+ ( (cy ¢) )
teE ' V2E, | el
o+1
6Vmax/N310g(|Ee])  VUmax (6N?(cs + Lg) + 9N + 15d + 9)
= |E 120maxCr N 200 +
| “1< N0 B 2
By 3Umax/2N3 log(| Eel) 4cfemaxxfnaxx/a+1
= 41|
VI Ee] o
E 120maxC+ N2Vd (N Lyamax + 1) 22
| E+1| (Y Cr \/>< S a + )xmax + Vmax <6N2(Cf+LZ)+9N+15d+9)
|Ee Ao
< clep /AT N3 1og(|Eo]) + ey VAN LT
N3log(|[E,)T1
< crepV/dAN®log([Ed) (x/ﬂ A(E2d) ) , (39)

for some absolute constants ci,c?, ¢; > 0. The first inequality follows from Equation . In the second equality, we then

.. \/2d1og(|E¢|) €max > 2 . . . .
used the definition of 6, = Ofg(l\/j\‘[ )‘; | Fmax ‘/E(N“l%’;‘f;‘j l)w"’a", defined in Equation (18). In the second inequality,
0 . 0

we relied on the construction of the length of phases in Algorithm ie. |Ey| = T2 5o that |Eei1]/\/1Ee] = VT and
|Epia|/|Ee| = T2 “"" < T%. The last inequality follows from the fact that L, = log (V2 N|Eel* — 1)/log(%).

max

On the other hand, to bound ZteEHl Rg), we again utilize the definition of B; ; := Bf,e U ij and By := U;c(nBie
where B; , and B¢, are defined in Equation of Lemma Denote Kyi1 := 2Ly4q + 4cy + 8log(|E41]). Then, we
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have

S RP =Y RP|+E[ > RY

tEF41 tEBet1 tEE41/Bot1

VUmaxE [|Beg1| - I{|Beg1] < NKpya] + VmaxE [|Begr| - I{[Beyr| > NKgy1}]

+ (Umaxcs + 1)E Z Z |a; ]

t€EEy41/Beg1 €[N

IN

IN

Vmax N K41 + Umax| Ee1| - P (|Bega| > NKog1) + (Vmaxcs + 1)E Z Z i
t€EE;41/Bes1 1€[N]

IN

VUmax N K41 + 4Umax N + (Umaxcy + 1)E Z Z la; ¢
tEE¢11/Bey1 i€[N]

IN

VmaxN (Kep1 +4) + (Umaxey + DE | Y- > aiy
tEEy41 i€[N]

) (40)

where the first inequality follows from Equation and uses the fact that Rg) < Umax; the second inequality is
because |Bry1| < |E¢41|; the third inequality applies Lemma [3| which shows P (|B; ¢+1]| > K¢+1) < 4/|E¢+1], and

hence P(|Bry1| < NKrs1) > P (Niepw) {|Biei1] < Kepa}) > 1 — 4N/|Egys]. To bound E [zteEm Y lai }
we recall Sp11 1= Ujc[n]Si e41 Where S; g1 is defined in Equation (@), and consider the following

b}

IN

| Y S| <2 X Y E| ¥ ¥

t€FE¢41 1€[N] t€Sey1 i€[N] tEFy11/Se41 i€[N]

< NamaxE[[Se11]] + N

= NamaxE [|Set1] - (I{|Se+1] < NLeja} + I{[Se1| > NLpa})] + N

< Namax (NLeyr + |Egpa| - P(|Sey1| > NLgya1)) + N

< N%amax (Les1 + 1) + N, A1)

where the first inequality holds because |a;;| < 1/|E¢41| for all ¢ € FEy4q1/Spy1 and the fourth inequal-
ity follows from Lemma (1| that shows P (|S; ¢+1| > Le+1) < 1/|E¢t1], which implies P (|Sp41]| < NLgyq) >
P (Niein) {Sie1] < Lewr}) 21— N/|Eepal.

Hence, Equations and show that ) _, o R§2) is upper bounded as

Z REQ) < ’UmaxN(Ké + 4) + (Umaxcf + 1) (Nzamax (Lz+1 =+ 1) + N)
tEEp41

log(|E
cacs N2 - log(|Ee+1]) (42)

log (1/n)

for some absolute constant co > 0. Combining this with the upper bound

IN

N3log(|[E/) T3
crepv/AN log(|Eq]) <ﬁ+ og(|Ee) )

log (1/7)

shown in Equation @), the expected cumulative regret in phase Ey 1 is

V/N3log(T)T'
Z Regret, < cscp/dN3log(T) (\/T—i— 0g()> ,

B log (1/7)
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for some absolute constant ¢z > 0. Finally, since the total number of phases is upper bounded by [loglog(T")] + 1, the
cumulative expected regret over the entire horizon 7' is

[loglog(T)]

N3log(T)T'
Regret(T) < vmax|E1l+ D cscpy/dN3log(T) <ﬁ+ m)

= log (1/7)

log (1/n)

= O<CfW.log(log(T)) (\FTJr]\mé(T)T‘I*)) |

C.1 Proof of Lemmal[ll

According to the definitions of the cumulative discounted utility defined in Equation (T)) and the NPAC-S policy in Algorithm
buyer 4’s utility for submitting a bid b € [0, vyax] in period ¢ € [T conditioning on v; , bfi’t, T4 is given by

(viy — max{r, b, ,}) I{b > max{r,b*, ,}} no isolation
wit(b) = ¢ (vie — ) I{b > 1} 1 1s isolated , (43)
0 j # iisisolated

where b7, , is the highest bid excluding that of buyer i, and the reserve price 7, = 7;I{no isolation in ¢} + r#(1 —
I{no isolation in t}) (7} and r}* are defined in Equations @ and (7) of the NPAC-S policy respectively). Note that u; ;(b)
is a random variable that depends on the x;, {Ei,t}ie[ NI b—i,t and 7;. The undiscounted utility loss u; . for buyer 4 if he

submits a bid b; ; compared to bidding truthfully is u; ; = w;,¢(vit) — wie(bi¢)-

Now, when any buyer j # i is isolated, the utility for buyer 7 is always O regardless of what he submits, so there is no
utility loss due to bidding behaviour. We now consider the scenarios when no isolation occurs and when buyer 1 is isolated,
respectively, using the definition of utility in Equation (T).

No isolation occurs: The undiscounted utility loss for bidding untruthfully is

u; J{noisolationint} = (u;¢(vit) — wie(bi,¢)) {noisolation in ¢}
(viyt — max{ry, bfzt}) I{v;; > max{r, bfu}}
— (Ui,t — max{ry, bfi’t}) I{b; ; > max{r, bfi,t}}

= |U¢,t — max{ry, bi‘i,t}{ {v; ¢ > max{r, bfi7t} > b .}

+ ’vi’t — max{ry, bfi’t}‘ {v;; < max{ry, bfi’t} <bii}
> 0. (44)

Isolating buyer i: The undiscounted utility for submitting any bid b € R for any given r; is (v; ¢ — ) I{d > r;}.
Hence,

u; I{i is isolated} = (ui¢(vit) — wie(bi,e)) I{7 is isolated}

= (vi,t — ’f’t) H{’Ui’t > ’f’t} - (Ui,t — ’I"t) H{bi’t > Tt}
= (’Uiﬂg — T't) H{’Ui’t >re > bi,t} + (*'Ui,t -+ T’t) ]I{’Uiﬁt <1 < bi,t} . (45)

The NPAC-S policy offers a price r; drawn from Uniform (0, vpayx ) to the isolated buyer ¢ with probability 1/|E,|, where 4
is chosen uniformly among all buyers. So, the expected utility loss u; , for a buyer i € [N] conditioned on the fact that the
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buyer lies by an amount of a; ; is

Elu, | il

E[u; ,I{i is isolated} + u; ,I{no isolation in ¢t} | a; ]

> Efu; I{iis isolated} | a; ¢
1
= ——FE [(vi,t — Tt)I[{’l}i7t >y > bt} + (7’0,’715 + T‘t) H{bt <y < ’th,t} | aw]
NI|E,|
1 Vit vittaqi
= mﬂi E /vi,tai,t(vm —r)dr + /vt (—vi4 +r)dr ’ @ity Vit ‘ Qi
(ai4)?
%) 46
'UmaxN|E£‘ ( )

The first inequality follows from u;t]l{i is isolated} > 0 as demonstrated in Equation 1| Now we lower bound the total

expected utility loss in phase E,. First, by Equations and , we know that u; , > 0 for Vi, t. Therefore, denoting
S¢+1 as the first period of phase Ey 1, for any Z > 0 we have

E Z ntu;t

=Y >
teE, | t€Si.e
> E | > n'u J{ISiel > 2}
_tESi,e
=E|E| > nup, |{aitten | {|Sid > 2}
L t€Si e
- y
> E ——— {|S; 0| > 2
o Z UrnaxN|E€|3 {| 7Z| o Z}
| t€Sie
i Sz+171 fr’t
> E —— " {|Siy| > 2
= by v B TSt 2 2}

Lt=s0+1—1Si.el

Sz+171 nt
> E ——— {[Si| > 2
2 TP 2]

ns,g+1 (1 _ ,,772)
(1 = 1)vmax N Ee[?

P (1Sl =2 2) (47)

where the first equality holds because |S;¢| = >, B, I{a;; > 1/E;} is a function of {a;+}+cp,; the third inequality
follows from Equation and a;; > 1/|E,| for any ¢ € S; 4; and the fourth inequality is because n € (0, 1).

Furthermore, corrupting a bid at time ¢ € F, will only impact the prices offered by the seller in future phases, i.e., phase
¢+ 1,6+ 2, ..., so the utility gain due to lying in phase ¢, denoted as U;:z is upper bounded by vpax Y. 5011 nt =
Umax?®+1 /(1 — n). Since the buyer is utility maximizing, the net utility gain due to lying in phase ¢ should be greater than
0, otherwise the buyer can choose to always bid 0 in phase ¢ which is equivalent to not participating in the auctions. Hence,

0= Y| 2o,

teEE,

E

Combining this with U, < vmaxn®+ /(1 — 1) and the lower bound for E [}, B, Wi, .| shown in Equation |i we have

Umaxn85+l > 778[+1 (1 — ,'7_2)
T—n = (1 =n)vmaxN|E¢|?

P(|Siel = 2) ,
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which holds for any Z > 0. Taking Z = log (v2,,, N|E¢|* — 1) /log(1/n) and by rearranging terms, the inequality above

yields
1 N|E,* -1 1
P15, > B WnaNIES 1)) 1
log () |Ee
O
C.2 Proof of Lemma[3
Defining H,; ; := {(bfi’T7 Tr, Tr)}refy, We have
E [I{t € (Ee/Sie) N B o} | Hidl
=P (t S (EZ/SM) n Bisyg | ’Hi,t)
=P (Ui,t Z max{bfi’t,?t} bit < max{bfl t,?t} Cli t S (0 1/|Eg|) | 'Hiﬂ:)
= P (max{b", ,, 71} — (2, 8) < €p <max{b", ,, 71} — (w1, 8) + @i, air € (0,1/|Eel) | Hiy)
<P (max{bfi’t,?t} — (x4, ) <€ < maX{b,Lp?”t} — (x4, B) + 1/|Ef| | Hi,t)
max{b®, . Fi}—(z,8)+1/|Ee
= K / Z)dZ ‘ 7‘[2'715
max{bfi’t,’r}}—(wt,ﬁ)
Cr
< (48)
|Ee

The last inequality uses the fact that ¢y = supze_, . .1 f(2).

Define ¢, = I{t € (E¢/Siy) N B} and ¢, = E [H{t € (Ee/Sie) N B} | Ht} Then E[¢; | His] = ¢, which

implies E[G; — ¢ | D,y Cry D vy @r] = E []E (Gt — Dt | Hie] | 2ot GrrDores d)T] = 0. Hence, in the context of the
multiplicative Azuma inequality described in Lemma by setting z1 ¢ = (;, 224 = ¢y, ¥ = 1/2 and A = 2log(|E,|) we
have |21+ — 224 < 1

P <; Z Gt > Z o + 210g(|Eg|)> < exp (—log(|E|)) - (49)

tek, teE,

Now, according to Equation (48), we have ¢; < c¢/|E¢|, 50 >, ¢ < cg. Moreover, |(E/Sie) N BS,| = cp, G-
Hence, following Equation (49), we have

P (|(Be/Sie) N Byl > 2¢p + 4log(|Ee])) < P ( S G> Z¢t+2log(|Ee|)>

teE, teE,

1
|Ee|
When the event G, = {|S; | < L} occurs, where Ly = log (v3,, N|Ee|* — 1) /log(1/n), we have |B; | < [Si¢| +
[(Ee¢/Sie) N Bf_[| < L+ |(Ee/Sie) N B‘;A. Therefore when event G; ; occurs,

P (|85 | < L+ 2¢5 + 4log(| Ex|))

< exp (—log(|Ex|)) = (50)

> B ({1BLl < L+ 2 + dlog(E)} () Gu)

> P ({I(Be/Sie) N Byl < 265 +4log(|Ee)} () Gi)

> 1 =P (|(Ee/Sie) VBl = 2cs + Alog(|Ed])) — P (G7,)

> 1 2

T B
The second inequality follows from B} ,| < L, + [(E¢/Si,¢) N B; ;| when the event G; ; occurs; the third inequality applies
the union bound, and the final inequality follows from Equation and Lemmal(T]

Similarly, we can show the same probability upper bound for |57 e| Finally, using the fact that B; , = B}, U 57, and
applying a union bound would yield the desired expression. O
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C.3 Other Lemmas for proving Theorem ]

Lemma 4 (Bounding Estimation Errors in ). For any phase Ey and v > 0, we have

> d (NLEamax + ]-) Tmax
P — <
(1B = Bl <y ST )

NY2XG|Eel |Eo|\3 N
> 1—2dexp [——2 2012 ) geen (- .
- xp ( 2€max2T2 . d b 812 |Ee|’

max

where \3 is the minimum eigenvalue of the covariance matrix %, Byy1 is defined in Equation (@), and L, =

log (vZaN|Ee|* — 1) /log(1/n). Furthermore, setting v = ~ 20108 Bl emaxtmax - g denoting 6y = 7 - Tmax +

A2y/NE|
2
d(NLZTEZr)\'gl)Imax’ we have
. 50 2d + N |Ee|\3
P |Bes1 — Bl < )21— —dex (— .
(n =l < 2 - (-

Proof. Proof of Lemmad]

The proof of Lemma]is inspired by Lemma EC.7.2 inBastani and Bayati| (2015), but here we made substantial modifications
to resolve the issues that arise when estimating /3 in the presence of corrupted bids submitted by buyers.

First, recall that the smallest eigenvalue A3 of the covariance matrix ¥ of z ~ D is greater than 0. Since the second moment
matrix E[z;z; ] = ¥ + E[z]E[z] ", we know that the smallest eigenvalue of E[z;x, ] is at least A3 > 0. We denote the
design matrix of all the features in phase £y as X € RIEeIxd and € = % for V7 € E,.

We first consider the case where the smallest eigenvalue of the second moment matrix Amin (X " X/|E¢|) > A%/2, which

implies that (X " X)~! exists and (X " X)~! = (X T X)T. By the definition b; ; = v; ; — a;, and the definition of b, for
any 7 € [T in Equation (8)) we have

by Zien) i —ain
N
B = (XTX) X | = (XTX) X7 :

N
275[1\]] €i,1— Q4,1

1

=8+ (XTx) X' :
N
B+ (XTX) T XT (- 4), (51)
where £ is the column vector consisting of all €, := w, and A is the column vector consisting of all a, :=

% for V7 € [t]. Therefore,

1Bev = Blla = (X7X) 7 XT (€~ 4)]
< 1
= BN
Denote X7 as the jth column of X, i.e. the jth row of X T for j = 1,2...d, we now bound || X "&||5 and || X T Al|5
separately. First, since | X T&||2 = > jeld) |ET X7

(IXTE2+ 1IXTAl2) - (52)

2, for any v > 0,

_ . Eg|>\2’y} { ]. =
ETXI < 1Eor] AXTE <~ b . 53

J€ld]

= . > > €, Xrj . .
We observe that £ T X7 = =18 =i€N] -, where all €; ; X ,; are 0-mean and €,,xZmax-subgaussion random variables.

N
Therefore by Hoeffding’s inequality, for any ¥ > 0

~2

ST yvi < _ _ i
P(INETX7|<7)>1 2exp( 2emax2x?nax|Ee|N> . (54)
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Replacing 7 with N'|E,|\2v/+/d and using Equation yields:

1 - T il < BNy
P AxXTEl <)) 2P| () {jema) < B
(e Alerei==g
o Ey|\2
> 1- ZP(]STXJ| > i'}”)
Jjeld] d
NY*XG|E|
> 1—2dexp | — 102l 55
> eXp( Semaa?d) (35

where the first inequality follows from Equation (53), the second inequality applies the union bound, and the last inequality
follows from Equation (54).

In the following, we show a high probability bound for || X T A||2 by using the fact that |a; ;| < 1/|E;| for any t € Ey/S; s,
where S; o = {t € Ey : |a; | > 1/|E,|}, and S; » < L, with high probability.

Recall the event G; ; = {|S; ¢| < L¢}, and in Lemmawe showed that P (gge) =P (|Si¢| > L) < ﬁ We now bound
| X T Al|2 under the occurrence of G; , for all i.

2
IXTAl3 = Z ’A—'—Xj|2 - Z (ZTGEe ZiG[N] ai,TXTj)
]

: _ N
J€ld] j€Eld
2
1 A 1 |[Tmax
< >y (ZTEEe Z%E}\f{“' i > . (56)
j€ld]

For periods in Sy := U;e[n)Si ¢, We have,

ZTESz Zie[N] |@i,7 | Tmax
N

< Z OmaxTmax < NLpGmaxTmax » (57)
TES,

where the last inequality holds because events G; ¢ occurs for all . On the other hand, recall that |a; | > 1/|E,| for any ¢
and t € S; 4. Hence, |a; ;| < 1/|E,| for periods in Ey/S,,

i Q4,7 [ Tmax
ZTEE[/SZ ZLE[N]| ’ | < Z Lmax < Z Tmax (58)

= Tmax -
N - |Ee | £

TEE, /S, TEE,

Combining Equations (56), (57), and (58), we have

2
i Qi | Tmax
||XTA||2 < d (ZTG[t] 2161[5] | ‘ > < \/E(NL(amax + 1) Ty - (59)

Now it only remains to show Amin (X " X/|E¢|) > A3/2 with high probability, which can be achieved by applying
Lemma In the context of this lemma, we consider the sequence of random matrices {z,x] /|E¢|},¢(s,], and
note that X " X/|E,| = Y .y (x-2] /|E¢|). We first upper bound the maximum eigenvalue of z,x. /|E,|, namely
Amax (xT:vI/|Eg|) for any 7 € E, by

2

T T
T TL T, 1 T2 « Lmax
A T) = max z z< — max (z'2)* < .
m‘""‘( || Izll=1"  [|E¢| =~ |E| Hznzzl( y < | Ee

This allows us to apply the matrix Chernoff bound in Lemma (setting y = 1/2 in the lemma) and get

P )\min N 2 - 2 P )\min = Z 7>\min E|——
( ( | £ 2 |Ee 2 | Ee

2
1—dexp (—'E“AO) , (60)

2
8xmax

Y
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where the first inequality follows from the fact that Ain (E[X " X/|E¢|]) > A3

Putting everything together, we get

a \/a NLpamax + 1) Tmax
P@mﬂ—ﬁmsv+ (N Le )

|Ee| N3

P

Y

\/a NLjamax + 1) Tmax
Bt — Bllo < + YL Le )

| Ee| A3

- VA (N Lyamax +1) XTX A2
> P XT XTA < max max )\min oA > 0
. (LEM?' Ell 1T AlL) <7+ E% N () 2 3

r‘] X'X bY:
|E ‘)\2 H H2 = } glé {)\mm ( ‘Ef‘ ) = 2 }

1€[N]

_ XTX bY:
>1-P({——|XT¢ >7}> - P (G¢ —P({)\min () < °}>

Ny2MI|E N Ey|A\3
> 12dexp(70|£d>dexp< | Eel )

2.2 2
26mzau( Lmax 8z max

The first inequality follows from the fact that ||z||; < ||z]||2 for any vector z; the second inequality follows from Equation
; the third inequality follows from Equation when the event N;¢[n)Gi ¢ occurs; the fourth inequality applies a simple
union bound; and the final inequality follows from Equations (33)), (60) and Lemmal[T] O

Lemma 5 (Bounding Estimation Error in F'~ and F'T). Define G; to be the sigma algebra generated by all
{z-,air, ei,T}ie[N],Te[t]- Then, for any 6-measurable random variable z and v > 0, we have

P((ﬁell(Z)—F‘(z)\gzNQZg) > 1—4exp (—2N|E(y?) - Ad+N) 2deXp( | ¢|A2>

| E| 82%,ax
d+ A
(‘ (2 (Z)’ < NZ@) > 1—4exp (—2N|Ey?) - (lEeI) - Qdexp( |8 %ﬂ;) ;

where zy = v + c50p + (cf + Ly)
log (viax V| Ee|* — 1) /log(1/n).

, Cf = SUDPzc[_esema] /() Oc is defined in Equation , and Ly =

Proof. Proof of Lemma We first bound the error in the estimate of £, namely ‘EH z)— F(z )‘ Then, we use the

relationship F'~(2) = NFN=1(2) — (N —1)F~(z) and F*(z) = FN(z), as well as the definition of Fe+1( z) and F€+1( 2)
in Equation (9) to show the desired probability bounds.

We first upper and lower bound I*A};l(z) for any z € R. Recall the event S; o = {t € Ey : |a; 1| > 1/|E,|} and in Lemma
we showed that P (|S; ¢| > L;) < 1/|E,|. Hence, for any i € [N], we have |a; | < 1/|E,| for all periods 7 € E;/S; ¢, s0

pIR! {biﬁ — (Beyr,ar) < z}

TEE,
= Z H{bi,r — By, r) < Z} + Z I {Ui,T — By, 2r) < Z}
TEE;/Si 0 TESi ¢
| 3 t{oir = Banen <2} = > 1{vir = Benan) <2} (61)
€S €S,

Consider the sum in first the parenthesis of Equation and note that b, » = v, » — a; » = (B, z,) + €+ — a; . Since
|a; | < 1/|E,|foranyi € [N]and 7 € E;/S; 4,

1 1
<ﬁ7x‘r>+€i,7'_@ < sz = </8ax7>+617+@; VTEEE/Si,Z- (62)
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Now, assume that the event £, = { ||§g+1 — Bl < 6e/ mmax} holds. Therefore, we can upper bound the sum in first the
parenthesis of Equation (61)) as

Z I {bi,‘r - <B€+1,CET> < Z} + Z ]I{/U'iﬂ' - <B€+1,Ir> < Z}

TEEL/Si e TESi e
_ 1 A 1

< Z ]I{em < 24 (B B’x7>+|E|} + Z H{ew < z+ (Besa 5,IT>+|E}

TEEL/Si e ‘ TESie Z

~ 1
— Z ]I{Ei;,- S z+ <6£+1 57$T>+}
| E|
TEE,
1

< ]I{ei77-§z+5z+}a (63)

T;,_; | Ee

where the first equality follows from v; » = (8, ;) + €;,r and b; , = v; » — a; ; the first inequality follows Equation ;
and the final inequality is due to the occurrence of the event £y, 1 = {||Eg+1 —Bll1 < e/ J;max}. Similarly, we can also
lower bound the sum in the first parenthesis of Equation (61):

> b Been <zh+ Y b — (Bansen) <2} 2 Zﬂ{ei,ngée@}. (64)

T€EE/Si e TES ¢ TeE,

Furthermore, assuming events G; y = {|S; ¢| < L,} hold for all i € [N], we can simply upper bound and lower bound the
expression in the second parenthesis of Equation (61):

Lo £ 3 Wi = Benady <2f = 3 Hoig = Byon) <2} < L. (65)

TES ¢ TESi 4

Combining Equations (61)), (63), (64), (63), and using the definition

Fria(z) = ﬁ Z Z H{bm — (Besr, ) < z},

i€[N] TEE,

under the occurrence of events £,y 1, and G, ; for all i € [IV], we have

1 1 Ly .
— Tde; . <z2—6——4— 2L < B, i(2) and
NIE] 2o 2 { ‘ |Ez|} 7y < Fen®

i€[N] TEE,
~ 1 1 Ly
Fg+1(z) < NlEgl Z Z ]I{Eiﬂ— < Z+5[+|E,Z|}+|E,Z. (66)

i€[N] TEE,
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Now, for any v > 0,

1 ~ L
P (e ) - P <9+ )

~ L
P {F <25P|E1‘(> 7Fg+1(2’) S’Y+|E,Z} ﬂ 5@-&-1 ﬂ ﬂ gz’,é
]

€[N

v

1 1 1
co(lr(a ) T N N

1) e & 21 IR R AR A

- 1 -
> P {sup|F(Z) - NIE] Z Z I{e;r <z} <~v ﬂ §ov1 ﬂ m Gi
ZER tieN) TEE, i€[N]
. 1 ~ c c
> 1-P sup F(Z)_WZ ZH{%TSZ} > —P(fe-u)_zlp(u)
ZeR tieN) T€E, i€[N]
2d+ N | Eo|\2 N
> 1—2exp (—2N|E¢|y?) — d - ) ) - —
= exp( | /|7 ) < |Eg| + dexp < Sx?nax |E¢|
2(d+N) | Eo| N\

— 1—2exp (=2N|Ef]y?) — g dew ( ) (67)

where the second inequality follows from Equation (66)), the fourth inequality uses the union bound, and the final inequality
follows from the DKW inequality (Theorem 9)), Lemmafd] and Lemma[I] We note that we can apply the DKW inequality
because {¢; - }rcp, ic(n) are N|E|i.i.d. realizations of noise variables. According to the Lipschitz property of F' shown in
Lemma |F(z— 60— 1/|E¢|) — F(2)| < ¢f(6¢ + 1/|E¢|) for Vz € R. Hence, combining this with Equation , yields

P(F(z)_ﬁm(z) < yte (5€+1> . Le)

| E| |Eel
1 ~ Ly
>P|\Flz—0— —— | — Frs1(2) < v+ —
(P (=00 gg7) ~Fense) < 4 55)
2(d+ N) |Ee|\3
>1-2 —2N|E;|y?) - =~ — — .
> exp (—2N|E,|y*) 5 dexp( Su2 (68)

Similarly,

F(z+6¢+1/|E¢]) — F(2)] < cf(0¢ + 1/|Ey]) for ¥z € R, so we can show

~ 1 Ly
P F 2)—F(z) < v+ece|0p+ — | + —
(“1” () <9 f(é Ez) |Ee>

~ 1 L
ZP(F€+1(Z)_F(Z+(S€+|EZ|) S'Y+EZ|>
2(d+ N Ey|\2
> 1—2exp (—2N\Eg|’}/2) — (|EZ|) —dexp <—|8;2| 0) . (69)

Combining Equations (68) and (69) using a union bound yields

~ cr+ L
P (‘F[+1(z) —F(z)‘ <vy+cpd+ f|Ez| l>

4(d+ N Fg|\2
> 1—4dexp (—2N|E|v*) — (|Ez|) — 2dexp (—8;2|O> ) (70)

max

Finally, we now bound \ﬁt_ (2) — F~(2)| and \ﬁj‘ (2) — F*(z)| using the fact that F~(2) = NFN=1(2) — (N — 1)FN(2)
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Py = F ()] = [NENT'(2) = (N = DFY(2) = (NFN71 () = (V = DFN(2)) |
< N|FXT) - FY @)+ (V- 1) [BL () - PN )|
=N (ﬁgﬂ(z) —F(z)) <Nz::1 (EH(Z))’H (F(Z))N_l_n>‘
+ (N = 1) | (P (2) - F(2)) (i (Brn2)™ <F<z>>N-”> ‘

< NNV = 1) [Fesa(2) = F()| + (N = DN [Feaa(2) - F(2)|
< 2N? ‘ﬁzﬂ(z) - F(z)} . 1)

The second equality uses a™ — 0™ = (a — b) (Z;"Zl a™'p™~") for any integer m > 2. The second inequality follows
from F\Hl(z), F(z) € [0,1] for Vz € R. Combining Equations (70) and , we get

P _ cr+ L
]P’(’Ful(z)—F (z)‘§2N2 (7+cf5e+ f|E|€>)

4(d+ N Eqg|A3
> 1—4dexp (2N|Eg|72)(|Ee|)2deXP( ‘Sil > :

max

The probability bound for ‘ v (2) = F~ (z)’ can be shown in a similar fashion by noting that similar to Equation || we

canshow|F£+1(z)—F+(z | <N’F4+1(z)—F(z)‘. O
Lemma 6 (Bounding the Impact of Estimation Errors on Revenue). We assume that the events
Sy = {||§e+1 Bl < 75 } Sep1 = {‘ (2 (2)‘ <2N? (W +epoe+ C’[Ej@)} and
52;1 = {‘ €+1 (2)‘ <N (w +cpop + C"‘gj/)} occur for some phase £ > 1, where z € R,
Yo = , and 0y is defined in Equation @ Hence for any r € {rf, ri} where t € Ey4q

we have the following:

(l) |pt(T, ytvF_aFJr) _pt(r7/y\taF_’F+)| S 37«6]0]\[2(Se a.s.

(ii) )pt(r, Ui, F=, FT) — py(r, @t,ﬁ@l,ﬁﬁl)‘ < 3rNZ? (w +cpdp + Cf;’ﬁ‘f) a.s.
where y; = (8, 1), U, <ﬁg+1, xt), ﬁgH, o1 FZH are defined in Equations (l) and (EI) The function p; is defined in
Equation (27).
Proof. Proof of Lemma@ Part (i) We consider the following:
\pe(r,ye, F~ F ) = po(r, g0, F—, FH)|

' [F_(z —y)—F (z— ﬂt)] dz—r [F+(r —y)— FH(r— ﬂt)]‘

< / ’F‘(z—yt)—F_(z:—ﬂt)‘dz—i—r‘F"'(r—yt)—F+(r—§t)’
0

< / 2ch2|yt—§t|dz+rch|yt—§t|
0

< / 2Cf]\/v2 (HBZJrl - 6”1xmax) dz + TCfN||BZ+1 - 6‘|1$max
0

< 3rch25g.
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The first equality follows from definition of p; in Equation (27), and the second inequality applies the Lipschitz property
of £~ and F'* using Lemma The third inequality follows from Cauchy’s inequality: |y; — §¢| = [(Bes1 — B, x4)| <
|1Be+1 — B|l1Zmax» and the last inequality follows from the occurrence of £y11 and N > 1.

Part (ii) Similar to part (i), we have

~ ~

’pt(r7 @\ta F_a F+) - pt(T, i/\hFZ;p FZ—:»I)’

~

[ [P - =00 e = [P0 = 3 - Bt - @)H

r
< /
0

L
S 37'N2 (’Y@—i-cfég—i—cf_'_ Z) ,
| Ee

~

F (z=) = Fp (2 =)

dz + 7 |FH(r = G) = Byt =)

where the last inequality follows from the occurrence of events £, ; and le and N > 1. O

Lemma 7 (Bounding probabilities). The probability that not all events §o+1, &, | and fZH occur for some phase ¢ > 1 is
bounded as

. ) ON + 15d + 8
P (&1 U (€) VU (65)7) < B

where the events &1, §,,  and 52;_1 are defined in Equations , , and (@) respectively.

Proof. Proof of Lemmal7}
We first bound the probability of &5, ;, and then proceed to bound the the probability of (&,,) and (&,)".

ax

2d + N Ey|\2
B(6) <~ +deXp( 2 0)

Recall that {11 = {||Bg+1 —Blh < xff } Then,

| E| 80
2d+ N log (| E¢|)T3 A2
< d et
h |E€| Fdexp ( erznax
N +3d
< —= (72)
ron

where the first inequality follows from Lemma E| by taking v = +/2d10g(| E¢|)emaxTmax/ (A?)\/N |E, ); the second
2 4

inequality uses the fact that |E,| > |Ey| = VT, T > max{(%";ﬁ") ,9}, which implies |Ey| > log(|E¢|)\/|Ee| >
0

T4 log(| Ey|). Note that here we used the fact that /Z > log(z) for all z > 9.
We now bound the probability of (§ . _H)c:

P((¢21)°)

IN

2
log(|E 4(d+ N )2
dexp | —2N|E,]| - M +(—|_)+2dexp(|£20>
2N|Eg| |Eg| x

max

2(2N + 3d + 2)

73
< S Er (73)

where the first inequality follows from Lemmaby taking v = v, = \/log(|E¢|)/+/2N|E;|, and the last inequality again
4
uses the fact that |Ey| > log(|E¢|)\/|E¢| > T3 log(|E¢|) when T > max { (sx)?n?ax) ’9}
0
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Similarly, we can bound the probability of (&, ;)"

c 2(2N 4+3d+2
P((eh)) < TR )
| El
Finally, combining Equations (72), (73) and (74), we have
. e ) . e e ON +15d+8
P (€U (&) V(&))< P(E) +P((En)) +P(E)) < =5

Lemma 8 (Lipschitz Property for ', F'~ and F'"). The following hold for any z1, zo € R:

(i) |F(z1) — F(22)| < cflz1 — 22l
(i) |[F~(z1) — F~(22)| < 2ch2\zl — 29|

(iii) |F*(z1) — F*(22)| < ¢fNlz1 — 22

Here, 0 < ¢y =SUD,c(_c.. era] f(z).

Proof. Proof of Lemma Without loss of generality, we assume z; < z5. Note that F/(z) = 0 for Vz € (—00, —€max], and
F(z) =1forVz € [emax; 00)-

Part (i) We consider the following cases:

1. Case1: (21 < 22 < —€max OF €max < 21 < 22): |F'(22) — F(21)| = 0 < ¢f|z2 — 21|

2. Case 2: (—€max < 21 < 22 < €max): By the mean value theorem, |F'(z2) — F'(21)| = f(2)|2z2 — 21| < ¢flz2 — 21,
where Z € (21, 22).

3. Case3: (21 < —€max < 22 < €max): Wehave |2zo— (—€max)| = 22— (—€max) < 22—21 and F(21) = F(—€max) = 0.
Hence |F(z2) — F(z1)| = |F(22) — F(—€max)| = f(£)]22 — (—€max)| < ¢f|z2 — 21|, where Z € (—€max, 22) by the
mean value theorem.

4. Case 4: (—€max < 21 < €max < 22): We have |epmax — 21| = €max — 21 < 20 — 21 and F(22) = Flémax) = 1.
Hence |F(z2) — F(z1)| = |F(€max) — F(21)| = f(Z)|€max — 21| < ¢g|22 — 21|, where Z € (21, €max) by the mean
value theorem.

Part (ii) & (iii) We recall that F~(2) = NFN71(2) — (N — 1)FN(2) and F*(2) = F¥(2), so
[F™(22) = F~ (21)]
= |[NFN"z) = (N = 1)FN(22) — (NFN"(z1) = (N = 1)FN(z1))|
N|FN"Yz) = FN7'(z1)| + (N = 1) |[FN(22) = FN (21
N-1
(F(22) — F(21)) (Z (F(z)"" (F(zl))Nln)

n=1

IN

=N

N

(F(22) = F(z1)) (Z (F(z2)" (F(Zl))N_"> |

n=1

+ (N -1)

IN

N(N =1)[F(z2) = F(z1)| + (N = )N [F(22) — F(21)]
2N%cp|ze — 21| .

A

The second equality uses a™ — b™ = (a — b) (31, a" '™~ ™) for any a,b € R and integer m > 2. The second
inequality follows from F'(z) € [0,1] for Vz € R. The final inequality follows from the Lipschitz property of F' shown in
part (i). Following the same arguments, we can also show that | 't (22) — F*(21)| < ¢y N|zg — 21]. O
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D SUPPLEMENTARY LEMMAS

Lemma 9 (Dvoretzky-Kiefer-Wolfowitz Inequality (Dvoretzky et al.| (1956))). Let Z1, Zs, ... Z,, be i.i.d. random variables
with cumulative distribution function F, and denote the associated empirical distribution function as

n

- 1
F(z)==SN"1{Z; <z} ,z€R. 75
(2) n; {Zi<2} .2 (75)
Then, for any 5 > 0,
HD(sup ﬁXz)——FKz)‘§/7> > 11— 2exp (—2n72) . (76)
zeR

Lemma 10 (Matrix Chernoff Bound (Tropp et al.|(2015))). Consider a finite sequence of independent, random matrices
{Zy € Rd}ke[l{]- Assume that 0 < Apin(Zx) and Amax(Z) < B forany k. Denote Y = Zke[K] Ze, thmin = Amin (E[Y]),
and pimax = Amax(E[Y]). Then for V¥ € (0,1),

120
IP)()‘min(Y'> < ﬁ/ﬂmin) < deXp (_M%l) )

2B

Lemma 11 (Multiplicative Azuma Inequality(Koufogiannakis and Young (2014))). Let Z; = ) _ e[F] 21 and Zy =
= 2o+ be sums of non-negative random variables, where T is a random stopping time with a finite expectation, and,
TE[T] 74
forall T € [T], |21, — 22.-| <1land E [(21,7 — Z2r) | D eer Zlisr Doser z273] <0. Let¥ € [0,1] and A € R. Then,

P((1-%)7 > Zs + A) < exp (—7A)
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